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5. Results and Discussion 
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Figure 5: (a): Non-cracked images and (b) Cracked images 

5.1 Drone Performance Results 

This section showcases the evaluation of camera and image performance of the UAV 

developed for building crack detection. The drone's total payload, weighing 1405 g, includes 

a frame, flight controller with sensors, battery, enclosure, and propellers. This weight was 

carefully optimized to balance the drone's flight stability and power consumption.  

A. Image Clarity at Different Altitudes 

The camera's image clarity and coverage area performance were evaluated at varying 

altitudes to determine the optimal flying height for crack detection.  

The image resolution remained constant at 2592 x 1944 pixels across all tested altitudes, but 

clarity and coverage area varied based on altitude. 

Table 1: Image Clarity at Different Altitudes Data 

10 
 

5. Results and Discussion 

  

(a) 

  

(b) 

 

Figure 5: (a): Non-cracked images and (b) Cracked images 

5.1 Drone Performance Results 

This section showcases the evaluation of camera and image performance of the UAV 

developed for building crack detection. The drone's total payload, weighing 1405 g, includes 

a frame, flight controller with sensors, battery, enclosure, and propellers. This weight was 

carefully optimized to balance the drone's flight stability and power consumption.  

A. Image Clarity at Different Altitudes 

The camera's image clarity and coverage area performance were evaluated at varying 

altitudes to determine the optimal flying height for crack detection.  

The image resolution remained constant at 2592 x 1944 pixels across all tested altitudes, but 

clarity and coverage area varied based on altitude. 

Table 1: Image Clarity at Different Altitudes Data 

10 
 

5. Results and Discussion 

  

(a) 

  

(b) 

 

Figure 5: (a): Non-cracked images and (b) Cracked images 

5.1 Drone Performance Results 

This section showcases the evaluation of camera and image performance of the UAV 

developed for building crack detection. The drone's total payload, weighing 1405 g, includes 

a frame, flight controller with sensors, battery, enclosure, and propellers. This weight was 

carefully optimized to balance the drone's flight stability and power consumption.  

A. Image Clarity at Different Altitudes 

The camera's image clarity and coverage area performance were evaluated at varying 

altitudes to determine the optimal flying height for crack detection.  

The image resolution remained constant at 2592 x 1944 pixels across all tested altitudes, but 

clarity and coverage area varied based on altitude. 

Table 1: Image Clarity at Different Altitudes Data 



JOURNAL OF THE
NATIONAL SCIENCE FOUNDATION 

OF SRI LANKA 

Editorial Board
 
Ajit Abeysekera (Editor in Chief)
Pradeepa Bandaranayake
Nelum Deshappriya
J.K.D.S. Jayanetti
L.P. Jayatissa
P. Prasad M. Jayaweera
Jagath Manatunge
Jennifer Perera  
S.S.N. Perera
Roshan G. Ragel
Rohini de A. Seneviratne
S.A.H.A. Suraweera
Pushpa Wijekoon
M.J.S. Wijeyaratne
Hiran Yapa

Language Editor
 
R.D. Guneratne

Editorial Office 

Nadeeja Wickramarachchi (Principal Scientific 
Officer) 
Upuli Ratnayake (Scientific Officer)
Bhagya Dasanayaka (Scientific Officer)

Graphic Designing  & Typesetting 
Kanchana Sewwandi 

Contact details
Editorial Office, National Science Foundation,
47/5, Maitland Place, Colombo 07, Sri Lanka.

E-mail : jnsf@nsf.gov.lk
Phone : +94-11- 2696771
JNSF online submission portal :
https://jnsfsl.sljol.info/about/submissions
JNSF home page :
http://www.nsf.gov.lk/ index.php/nsfscience 
magazine

Publication :	 Published quarterly (March, June, September and 
December) by the National Science Foundation 
of Sri Lanka.

Manuscripts:	 Research Articles, Research Communications, 
Reviews and Correspondences in all fields of 
Science and Technology can be submitted for 
consideration for publication. A guide to the 
preparation of manuscripts is provided in each 
issue. The guidelines may also be obtained 
by visiting the NSF website or JNSF online 
submission portal.

Disclaimer:	 No responsibility is assumed by the National 
Science Foundation of Sri Lanka for statements 
and opinions expressed by contributors to this 
Journal.

Publication :	 A publication fee of US$ 250 will be levied for
free	 each manuscript in two stages except, when 

the corresponding author is affiliated with a Sri 
Lankan institution. 

• 	 A processing fee of US$ 20 will belevied for 
each manuscript at peer-review stage. 

•	 Remaining US$ 230 will be charged for 
accepted articles at the time of publication.

Copyright :	 © National Science Foundation of Sri Lanka 

	 Articles in the Journal of the National Science 
Foundation of Sri Lanka are Open Access 
articles published under the Creative Commons 
CC-BY-ND License (http:// creative commons. 
org/licenses/by/4.0/). This license permits the 
use, distribution and reproduction, commercial 
and non-commercial, provided that the original 
work is properly cited and has not been changed 
anyway. 

Indexing :	 The  JNSF is indexed in Science Citation Index 
Expanded, Journal Citation Reports/Science 
Edition, BIOSIS Previews, Zoological Record, 
Biological Abstracts, Chemical Abstracts, 
Scopus, DOAJ, TEEAL, Ulrich’s, AGRICOLA 
and EBSCOhost, CAB Abstracts, SafetyLit, 
Journal TOCs, EBSCO Applied Science & 
Technology Source Ultimate



JOURNAL OF THE 

NATIONAL SCIENCE FOUNDATION 

OF SRI LANKA

Volume 53   Number 3	 September 2025 

C O N T E N T S 

	 EDITORIAL

205	 Public trust in science and scientists
	 Ajit Abeysekera 

	 REVIEW ARTICLE

207	 Lichens of Sri Lanka: Past discoveries, present knowledge, and future directions
	 B Weerakoon, P Wolseley, S Wijesundara, S Nissanka and G Weerakoon

	 RESEARCH ARTICLES

219	 Optimal control strategies for diabetes population management using mathematical models.
	 TDT Madhushika, LW Somathilake and MCS Fernando

233	 Development of pasta using composite flour of sweet potato (Ipomoea batatas), soy (Glycine max) & rice (Oryza 
sativa) flours	

	 JMJM Jayawardhana, MJM Fari and R Liyanage

245	 Visualizing changes in internal layers of Chinese chives leaf under short-term ozone exposure with biospeckle 
optical coherence tomography

	 LKT Srimal, UM Rajagopalan, H Kadono and T Yonekura

259	 Effect of initial imperfections on the seismic performance of thin-walled steel hollow piers: A numerical 
approach.

	 AGYM Kumara, ACD Pigera, NAI Ayodya, JASC Jayasinghe and CS Bandara

273	 Aerial crack detection in building structures using convolutional neural networks
	 CS Silva, DMKI Dissanayake, RSMPW Rathnayake and NTA Sathsara

283	 Performance evaluation of a lab-scale upflow anaerobic sludge blanket (UASB) reactor for landfill leachate 
treatment under ambient temperature conditions

	 HPDU Iroshani, PG Rathnasiri, Wasala MKRTW Bandara and PHGAD De Silva

293	 Effect of temperature on drying kinetics and quality attributes of coffee beans during hot air drying
	 AJ Fernando, KSP Amaratunga, DAN Dharmasena, and THKR De Silva

	 Guidelines for Contributors



Cover:	 A drone modified to detect cracks in concrete structures (top) and several pictures taken 
from the drone (bottom)

	 See J.Natn.Sci.Foundation Sri Lanka 2025 53(3): 273 - 282

Journal
of the

National Science Foundation

of Sri Lanka

Print ISSN 1391-4588
E - ISSN 2362-0161
Volume 53 No. 3
September 2025

w
w

w.
ns

f.g
ov

.lk

a

 

(a) 



J.Natn.Sci.Foundation Sri Lanka 2025 53 (3): 205
DOI: http://dx.doi.org/10.4038/jnsfsr.v53i3.12761

EDITORIAL

Public trust in science and scientists
  

Evidence based decision making on most matters of public 
interest concerned with the welfare of the public require 
the application of scientific knowledge. It is reasonable 
to suppose that the extent to which policy makers base 
their decisions on scientific evidence, will be influenced 
by the apparent extent of public trust in science. In the 
absence of such trust, policy makers are more likely to 
be influenced by personal bias and by other factors of a 
socio-political nature.  

	 Research carried out suggests that in most countries 
there is considerable public trust in science. However, 
this is often not explicitly expressed nor are there easy 
pathways to make policy makers aware of this. It should 
be noted that trust in science is the not the same as trust 
in scientists. Scientists, particularly those who take up 

advocacy positions on contentious local issues will be 
trusted on whether they are perceived to be acting in the 
interest of the public or in their own interest. In the current 
context of ease of disinformation through the internet and 
social media, individual scientists are vulnerable to unfair 
judgement. Thus, collective advocacy by professional 
and academic associations are much more likely to be 
trusted by the public. 

	 In this connection, it is noteworthy that the National 
Academy of Sciences Sri Lanka has recently launched 
an ambitious, multifaceted programme in collaboration 
with the Sri Lanka Association for the Advancement of 
Science on “Rebuilding Trust in Science”. The fact that 
the programme is supported by the private sector is a 
particularly encouraging development for Sri Lanka.

Ajit Abeysekera
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Abstract: Lichens are an important component of Sri Lankan 
biodiversity and have contributed greatly to the tropical 
diversity as well as to their application as bioindicators of 
changing environmental conditions. This review summarises 49 
selected research publications on the taxonomic and chemical 
diversity of lichens, their application as bioindicators, and as a 
source of bioactive compounds that have medicinal properties 
against microorganisms with the potential of curing some 
diseases. The chemical properties of lichens and associated 
fungi and mycobionts have been a major focus in recent years, 
and several useful compounds have been identified that have 
benefits for human health. Several areas of the country are well 
surveyed and further surveys in new areas will aim to discover 
new species and document lichen diversity, and responses 
to environmental pollution. These results highlighted the 
importance of ongoing research in Sri Lanka in a tropical and 
global lichen context.

Keywords: Bio-indicators, lichen diversity, pollution, 
taxonomy, tropical forests

Introduction

Different ecosystems and forest types in Sri Lanka
 
Sri Lanka is a continental island (7.8731° N, 80.7718° 
E) with an area of 65,610 km2 located in the Indian 
Ocean, southeast of mainland India, in the tropical belt, 

and has a hot and humid climate (Chandrajith, 2020; 
Punyawardena, 2020). The mean annual temperature is 
27.5 0C in the lowlands, and 15.9 0C in the highlands. 
Sri Lanka has two monsoon seasons and two inter 
monsoon seasons receiving 900 mm - 5500 mm rain 
p.a. The Southwest monsoon (SWM) (May- September) 
brings a high rainfall to the Southwest part of the country 
while Northeast monsoon (NEM) (December- February) 
causes heavy rains throughout the country. During SWM, 
the highest rainfall is received by the mid-elevations 
of the western slopes of the highlands.  During NEM 
period, the highest rainfall is received by north-eastern 
parts of the central highlands (Punyawardena, 2020). 
According to the topography, Sri Lanka is divided into 
three topographical zones; low-country (< 300 m amsl), 
mid-country (300-900 m amsl), and upcountry (> 900 
m amsl) (Chandrajith, 2020). Following the amount of 
rainfall received and its distribution, Sri Lanka is divided 
into three climatic zones; wet zone, intermediate zone 
and dry zone (Punyawardena, 2020). 

	 Within the tropical climatic belt, several forest types 
can be seen in Sri Lanka relating to their geographical 
distribution (MOE, 2012). Dry forests, lowland 
rainforests, sub montane forests, and montane forests are 
the main forest vegetation types recorded (Kathriachchi, 
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2012; Perera, 2012; Wijesundara, 2012). Grasslands and 
mangroves are the main components of the non-forest 
vegetation type of the country (Jayatissa, 2012; Perera, 
2012). 

Present understanding about lichens

A lichen is a self-sustaining ecosystem formed by the 
interaction of an exhabitant fungus (mycobiont) and an 
extracellular arrangement of one or more photosynthetic 
partners (photobionts) and an intermediate number of 
other microscopic organisms (Hawksworth & Grube, 
2020). The photosynthetic partner of a lichen is an 
alga and/or a cyanobacterium. In addition, bacteria, 
secondary fungi, and endolichenic fungi can be involved 
in the lichen symbiosis association (Weerakoon, 2015; 
Lücking & Spribille, 2024). The photobionts produce 
carbohydrates, and the mycobiont produces the lichen 
structure, including protective mechanisms to maintain 
photobiont viability. There is a growing suggestion that 
the association is an obligate parasitism maintained by 
the mycobiont (Morillas et al., 2022). 

	 Lichens can have both sexual and asexual 
reproduction. Both photobiont and mycobiont may 
reproduce asexually within the lichen. However, sexual 
reproduction only occurs in the mycobiont partner. Spores 
and asexual thallus propagules with both symbionts can 
be dispersed by wind, water, or mechanical forces. After 
being dispersed, a new lichen thallus may establish in 
the new habitat, if it is environmentally suitable (Purvis, 
2000; Weerakoon, 2015). According to Brunialti et al. 
(2021), species which show sexual reproduction are 
more widely distributed than the species with asexual 
vegetative reproduction. Also, they reported a nested 
assemblage of vegetatively reproducing lichens mainly 
in old growth forests, while sexually reproducing lichen 
species showed a high turnover.

	 There are about 20,000 lichen species identified 
throughout the world (Lücking et al., 2017; Finger Lakes 
Land Trust, 2024), and lichenologists believe there are 
more species yet to be discovered (Lücking & Spribille, 
2024). In Sri Lanka, the lichen flora is poorly studied. 
Most Sri Lankan surveys have been conducted in the 
central highlands and wet zone lowlands, however, the 
intermediate zone and the dry zone lichens are less 
explored (Weerakoon, 2015; Jayalal et al., 2020). 

	 Lichens are found on a wide variety of substrates 
including soil (terricolous), rock (saxicolous), decaying 

wood (lignicolous), trees (corticolous), and leaves 
(foliicolous). Lichens are grouped according to the shape 
and morphology of the thallus (Purvis, 2000). The main 
types being crustose (a crust-like thallus), foliose (a leaf-
like thallus), fruticose (a bush-like thallus), filamentous 
(a bushy thread-like thallus), and squamulose (a micro 
leafy thallus). Foliose, filamentous and fruticose lichens 
are known as macro-lichens and the remainder are 
referred to as micro-lichens (Purvis, 2000; Weerakoon, 
2015).

	 In the Eastern Himalaya and Western Ghats, the 
majority of lichens are recorded on tree trunks and the 
dominant group on tree trunks is crustose (Pinokiyo et 
al., 2008, Vinayaka et al., 2016). Also crustose lichens are 
recorded as the most abundant group across all habitats 
in temperate and tropical regions (Nayaka & Upreti, 
2005; Rout et al., 2010; Dudani et al., 2015). Foliose and 
fruticose lichens are common in well-lit canopy gaps and 
openings and become more common at higher elevations 
in tropical forests (Joshi et al., 2011; Kumar et al., 2011; 
Abas & Din, 2021; Orock & Fonge, 2022).

	 Research conducted in tropical regions has shown that 
Graphidaceae is the largest and most diverse family of 
crustose lichens in the tropics, and that the global hotspot 
for this family is South India and Sri Lanka (Lücking 
et al., 2014). Lichens in tropical regions become more 
abundant, dense, and widely scattered with increasing 
elevation above 1000 m (Baniya et al., 2010; Kumar 
et al., 2011; Costas et al., 2021; Bhagarathi et al., 2022; 
Orock & Fonge, 2022). Further, Pinokiyo et al. (2008) 
also recorded a unimodal pattern in lichen diversity in 
relation to altitude from a study conducted in Arunachal 
Pradesh in India. 

	 Lichens produce both primary and secondary 
metabolites (Ren et al., 2023). Primary metabolites are 
used in structural growth and development of the lichen 
thallus by both symbionts, while secondary compounds 
are only produced by the fungus and have a range of 
protective functions in the lichen. Secondary metabolites 
are small, complex, water insoluble, crystalline 
compounds deposited on the hyphae of the fungus. 
There are three main pathways for synthesizing these 
compounds; acetyl-malonate, mevalonate, and shikimate 
pathways (Ren et al., 2023). There are over 1000 lichen 
secondary compounds identified so far (Ren et al., 2023). 
These compounds have been known to protect the thallus 
from herbivory and UV radiation (Schweiger et al., 2021), 
and to contribute to ecological services such as nutrient 
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cycling, habitat formation, and soil formation (Prokopiev 
et al., 2025). Lichen secondary compounds also have 
an active pharmaceutical role in human health as anti-
bacterial, anti-cancer, anti-fungal, anti-inflammatory, 
anti-microbial, antioxidant, and wound healing agents 
(Moreira et al., 2015; Bhattacharyya et al., 2016; Ren 
et al., 2023). 

	 Lichens are one of the commonly used bioindicators 
for assessing atmospheric air quality since their growth 
and development depend on air borne resources, thus 
any atmospheric changes may have an impact on them 
(Nimis et al., 2002 Conti, 2008; Delves et al., 2023). A 
significant change in lichen communities can be observed 
due to air pollutants such as sulphur dioxide (SO2) from 
burning coal and fossil fuels, and ammonia (NH3) from 
agricultural activity (Sutton et al., 2009). In temperate 
countries and conditions, lichen communities have been 
widely used to recognise the impact of atmospheric 
pollution. An Index of Atmospheric Purity (IAP) was 
developed by Leblanc and DeSloover in 1970 as a method 
to assess air quality using lichens as bioindicators, 
and has since been widely used in temperate regions 
(Gombert et al., 2004). Biomonitoring studies using 
lichens have contributed to creating regional policies 
such as introducing critical levels and loads of pollutants 
affecting the lichens, such as NH3 (Sutton et al., 2009). 
NH3 is a pollutant alkaline gas that causes an increase in 
the bark pH of the surrounding vegetation. Lichens that 
prefer a lower bark acidity (acidophytes) are eliminated 
from the habitat and replaced by lichens that are tolerant 
of the increased bark pH (Wolseley et al., 2006).  
Modelling studies have shown that natural habitats in 
South Asia, such as Himalayan forests, are threatened 
by increasing atmospheric nitrogen deposition (Ellis et 
al., 2022). Further, deposited particulate matter has been 
shown to affect lichen thalli close to highways (Marmor & 
Randlane, 2007), and lichens have been used to monitor 
heavy metal pollution due to Pb in urban areas (Hasairin 
et al., 2020). 

	 Globally, lichens are well studied in many research 
fields such as ecology, environmental monitoring, air 
quality, and medical studies as well as having commercial 
and cultural values in some countries (Lücking & 
Spribille, 2024). However, the lichen flora in Sri Lanka is 
less studied compared to other countries in tropical Asia 
(Weerakoon et al., 2019). This review summarizes the 
findings of selected lichenological research in Sri Lanka, 
the status, and the potential for lichenology in Sri 
Lanka. 

Lichen diversity and distribution in Sri Lanka

History of lichen surveys in Sri Lanka

G.H.K. Thwaites was the director of the Botanic 
Gardens in Sri Lanka from 1857-1880 and made the 
first lichen collection in Sri Lanka, duplicates of which 
are deposited in the Natural History Museum in London 
and other herbaria in Europe (Weerakoon, 2013). Using 
this collection, Leighton in 1869, published 196 lichen 
species for Sri Lanka, including 43 species new to 
science. Many foreign lichenologists conducted field 
explorations in the country and results were published in 
late 19th and 20th centuries (Nylander 1866:1900; Alston, 
1938; Kurokawa, 1973; Kurokawa & Mineta 1973).  
Under the ‘Flora of Ceylon’ project by the Smithsonian 
Institute, R. Santesson, A. Tehler and L. Wheeler (1970 - 
1976) studied the lichen diversity in different parts of the 
country. Mason Hale made a significant contribution to 
the lichen flora in Sri Lanka from 1976 to 1981 including 
‘A revision of the lichen family Thelotremataceae in Sri 
Lanka’ in 1981 (Hale, 1981). Brunnbauer (1984 - 1987) 
updated the Sri Lankan lichen flora to 546 species. 
Lichen discoveries by Jayasuriya (1984), Moberg (1986 
and 1987), Awasthi (1991), Makhija and Patwardhan 
(1992) and Vezda et al. (1997) brought the lichen 
checklist to 659 species (Weerakoon, 2015). A group 
of local and foreign lichenologists initiated a series of 
lichen workshops from 1999 onwards and continued to 
increase the lichen knowledge and interest of Sri Lankan 
researchers (Wijesundara & Karunaratne, 2015). After 
2010, local experts contributed more to reporting and 
describing new lichen species. 

	 Lichen species delimitation in Sri Lanka was supported 
by morphology and gene-based analyses conducted on 
specimens collected from the Central Mountain range. 
Studies in Knuckles showed that lichen specimens in the 
genus Pyrenula of family Pyrenulaceae are not derived 
from the same ancestor and can be divided into two 
groups (Weerakoon et al., 2012 a). In the Horton Plains, 
Jayalal et al. (2012) described two new foliose lichen 
species in genus Anzia. Also, morphological descriptions 
continued, particularly in crustose species, following 
Weerakoon’s research in the Knuckles Mountain range 
(Weerakoon et al., 2012a; 2012b; 2012c; Wijeyaratne 
et al., 2012). Further, three new lichen species in genera 
Heterodermia, Malmidea, and Protoparmelia and an 
identification key for the genus Heterodermia were 
published for Sri Lanka (Weerakoon & Aptroot, 2013). 
Research on the family Graphidaceae added 13 new 
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species (Weerakoon et al., 2014) and 6 new species from 
the montane forests of Horton Plains by Weerakoon et al. 
(2015). From an examination of a collection made in the 
early 1990’s, Weerakoon & Aptroot (2014) recorded 207 
lichens new to Sri Lanka including three species new to 
science, 91 new records for the Indian subcontinent, and 
four new records for Asia. 

	 Further research by Weerakoon et al. (2016) and 
Weerakoon and Aptroot (2016) increased the number of 
new records for Sri Lanka to 152 species of which 17 
were described as new to science, 86 records as new to 
the Indian subcontinent and eight as new to Asia.  In the 
same year the first record of genus Cora in the eastern 
palaeotropics was described from the Sinharaja rain forest 
reserve, Sri Lanka (Lucking et al., 2016). Furthermore, 
three new Ocellularia species (Family Graphidaceae) 
were identified from Sri Lanka (Li et al., 2016). In 2018,  
further ten species were recorded with three species new 
to science by Aptroot & Weerakoon (2018). Leightoniella 
zeylanensis, an endemic species, was rediscovered and 
classified under family Pannariaceae using molecular 
analysis (Weerakoon et al., 2018). 

	 In 2019, the first record of palaeotropical Allographa 
with pigmented lirellae (Family Graphidaceae) was 
recorded from Sri Lanka together with a global key for 
all Allographa species with colourful lirellae. These 
Allographa species were previously recorded only from 
the Neotropics and from Africa (Jatnika et al., 2019). 

	 Six new species of Allographa and Graphis of 
Graphidaceae with 106 new records were reported with a 
key to genera for Sri Lanka by Weerakoon et al. in 2019. 
The total number of species of Allographa and Graphis 
in Sri Lanka amounted to 124 species, making Sri 
Lanka the hotspot for Allographa and Graphis diversity 
in the world. Research on genus Phyllopsora in Asia 
documented 18 species for Sri Lanka and a taxonomic 
key for Asian species (Kistenich et al., 2019). In 2020, 
Kistenich et al. also recorded Aciculopsora in Sri Lanka, 
the first record in the paleotropics of a genus previously 
known only in neotropics. 

	 With the contribution of local and foreign 
lichenologists, the documented lichen flora in Sri Lanka 
(as of 2020) stands at 876 species across 233 genera in 
60 families (Jayalal et al., 2020). Since then following 
further research on historic lichen collections from Sri 
Lanka, Elvebakk (2021) has described a new species 
of cyanolichen, Gibbosporina cyanea, based on the 
holotype collected by Thwaites in the 1860s. 

Factors affecting the lichen distribution in Sri Lanka

Lichens are distributed across all climatic regions of Sri 
Lanka and the distribution pattern differs in each region. 
Environmental variables such as rainfall, humidity, 
and temperature affect this variation (Weerakoon, 
2015). Altitude strongly affects lichen distribution and 
community composition (Weerakoon et al., 2020) so 
that lichen diversity increased with altitude. As observed 
in mountain forests in the wet-zone (Weerakoon et al., 
2020), Gunawardena and Wijeyaratne, (2020) also 
described high lichen diversity in the Ritigala forest, 
an isolated mountain in the dry-zone of the country. 
The study also reported the influence of light exposure 
on lichen communities, the preference for sunny areas 
by lichens with a green algal photobiont and for shaded 
habitats by cyanobacterial lichens.

	 Factors that affect lichen diversity and distribution 
include forest disturbance (Weerakoon et al., 2010; 
Weerakoon et al., 2020). In the Knuckles Mountain 
range, Sri Lanka (in the central highlands) the highest 
lichen diversity was recorded in pristine forest while 
monoculture plantations such as tea, pine and acacia 
had the lowest lichen diversity (Weerakoon et al., 2010; 
Weerakoon et al., 2020). These studies also demonstrated 
that corticolous lichen diversity increased where tree 
diversity was high in undisturbed forests. De Silva and 
Senanayake (2015) recorded low lichen diversity in a 
monoculture pine plantation compared with adjoining 
secondary forest in Pussellawa in the central highlands. 
The lichen diversity was higher in the montane forest 
islands than in continuous forests in the Horton Plains 
National Park – the southern part of the central highlands 
where fire caused frequent disturbance (Jayalal et al., 
2017). 

Other research in Sri Lankan lichenology

Although the chemical composition of lichens has 
been used to define lichen species, many studies have 
been conducted on lichens to assess the application of 
lichen compounds to human health and environmental 
problems. 

Chemical compounds of lichens and their potential 
applicability

The chemical properties of lichens and their uses were 
studied in Sri Lanka from the early 2000s (Karunaratne 
et al., 2005) including an investigation of larvicidal 
assays in relation to mosquito larvae (Nanayakkara 
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et al., 2005). An investigation of secondary metabolites 
in butterfly larvae highlighted the role of secondary 
metabolites in protecting lichens from herbivores 
(Karunaratne et al., 2008). Secondary metabolites 
were used to define new species (Kathirgamanathar 
et al., 2006; Bombuwela et al., 2008) and then further 
developed to assess their application to human health. 
Several recent studies have highlighted the potential 
of secondary chemical compounds generated from 
lichen fungi in medical research. Studies have shown 
that lichens in the Parmotrema genus have antioxidant 
properties (Samanthi et al., 2015). Two lichen species in 
genus Parmotrema, P. rampoddense and P. tinctorum, 
showed potential importance as a source for future 
antimicrobial drugs (Shiromi et al., 2021). Additionally, 
the anti-diabetic properties of the secondary metabolites 
of Cladonia sp. were documented by Karunaratne et al. 
(2014).

	 Antibacterial compounds of lichen-associated fungi 
in mangrove habitats were identified by Happitiya et al. 
(2023a; 2023b). Weerasinghe et al. (2021) also tested 
the antioxidant, anti-inflammatory and antibacterial 
properties of the secondary metabolites extracted 
from endolichenic fungi from lichens which occurred 
in mangrove habitats in Negombo, Sri Lanka. The 
antioxidant, anti-lipase, and anti-amylase properties 
of the secondary metabolites in endolichenic fungi 
are documented together with their anti-inflammatory 
properties (Maduranga et al., 2018, 2021). A novel 
chemical compound extracted from an endolichenic 
fungus Amandinea medusulina found in mangrove 
ecosystems showed a moderate activity against human 
lung cancer (Santhirasegaram et al., 2020). In 2022, a 
chemical compound with high antibiotic properties 
was extracted from a mangrove associated lichen. The 
compound has high anti-oxidant properties, moderate 
anti-inflammatory properties, some antibacterial 
activities, and moderate cytotoxicity against oral cancer. 
This chemical was extracted from an endolichenic fungus 
recorded from the host lichen Bactrospora myriadea from 
the Negombo lagoon mangrove community (Weerasinghe 
et al., 2022). Further, secondary metabolites extracted 
from endolichenic fungi of mangrove associated lichens 
Arthonia antillarum and Bactrospora myriadea have 
shown cytotoxicity against human breast, oral and lung 
cancers (Shevkar et al., 2024).

Using lichens as bio-indicators for assessing forest 
ecosystem health

Lichens have been used to detect changes in communities 
in response to changes in environmental conditions as 

well as air quality, and more recently to global warming. 
Changes in lichen communities of forests in relation 
to disturbance was quantified in plots in habitats in 
the Knuckles Mountain range, Sri Lanka (Weerakoon, 
2013). Weerakoon et al. (2020) showed that 57 out of 
60 indicator lichens were serving as strong and unique 
indicator species for an individual vegetation type in 
Knuckles mountain range.  Of these, the prevalence of 
crustose species in the genera Myriotrema, Ocellaria, 
and Porina was associated with the undisturbed montane 
and sub-montane forests in Sri Lanka (Weerakoon et al., 
2010). In 2010, Jayalal also found several foliose lichen 
genera that were good indicators of ecological continuity 
in the Horton Plains National Park. These results support 
the use of corticolous lichens to evaluate the habitat 
conditions in tropical forests of Sri Lanka (Jayalal, 2010; 
Weerakoon, 2010; Weerakoon et al., 2010; Weerakoon 
et al., 2020). 

Air pollution monitoring in Sri Lanka using lichens

Lichens have been used as air pollution indicators in 
several locations in Sri Lanka. The IAP in the Horton 
Plain National Park, Sri Lanka was calculated from the 
lichen diversity. The low concentrations of NO2 and SO2 
facilitated a high lichen diversity in the area (Jayalal 
et al., 2017). Similarly, the IAP was negatively correlated 
with the NO2 and SO2 levels at different locations in 
Kegalle in the Sabaragamuwa province (Yatawara & 
Dayananda, 2019). These studies have helped to identify 
air pollution tolerant indicator species, such as Pyxine sp. 
A recent study was conducted as a collaborative work 
in Sri Lanka and India, to assess the use of lichens as 
air pollution indicators. A comparison of lichen diversity 
and air pollution status in selected locations in and around 
Kandy city (Sri Lanka) showed a higher lichen diversity 
in less air-polluted locations. The highest species richness 
was recorded from the Hantana forest, which was located 
away from the city centre, compared to the Udawatta 
Kele and Gannoruwa forests, which were located in and 
around Kandy city (Preeti et al., 2023). Further work 
recorded higher lichen species richness in the University 
of Peradeniya, a semi- disturbed area, than in the polluted 
area around the lake in Kandy city (Edirisinghe & 
Athukorala, 2024). Similarly, Gunawardena et al. (2021) 
recorded higher lichen species richness in the University 
of Peradeniya than in the Kandy city centre, where they 
also detected increased secondary metabolites produced 
as a response to pollution stress.

	 Atmospheric pollution from NH3 is an emerging 
threat to both environmental and human health, and 
South Asia is considered a hotspot of NH3 pollution. An 
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experimental study is ongoing in a sub-montane forest 
reserve as a part of the South Asian Nitrogen Hub project 
to assess lichen responses to the elevated NH3 levels in 
order to understand real world NH3 pollution conditions 
(Sutton et al., 2022). The multi-layer model used in this 
study is applicable for identifying the fate of NH3 in 
tropical forest ecosystems with special focus on lichen 
bio-indicators, that will provide vital evidence to inform 
the establishment of NH3 critical levels and associated 
nitrogen policy development in Sri Lanka and the South 
Asian region (Deshpande et al., 2024). 

Lichen biomonitoring on particle deposition in 
Sri Lanka

Airborne particles directly impact human health. They 
are one of the major factors causing respiratory tract 
inflammations and diseases. Very few studies were 
conducted using lichens as bio-monitors for pollutant 
deposition. Assessing metal deposition on lichens 
is a proxy for the status of the air quality. Samples of 
Heterodermia speciosa were collected from Colombo 
(Western Province) and Kurunegala (North-western 
Province) in Sri Lanka and analysed for metal deposition. 
They recorded K, Ca, Ti, Fe, Mn, Zn, and Pb from 
analysed lichen thalli. X-ray fluorescence spectrometry 
shows that metal deposition is higher in Colombo than 
in Kurunegala, indicating the air pollution in Colombo is 
more than in Kurunegala (Gunathilaka et al., 2011).  

Conclusion

The rich lichen diversity in Sri Lanka has been 
demonstrated from previous lichenological surveys 
conducted in limited geographical areas in the country. 
Further surveys of undocumented areas of Sri Lanka will 
reveal new records and species to confirm Sri Lanka as a 
hotspot for tropical lichens, highlighting the contribution 
to global lichen diversity. Also, medicinal properties of 
lichens and their use as bioindicators have been explored 
in recent years. Several chemical compounds extracted 
from lichens have shown antibiotic, antibacterial, anti-
microbial, antioxidant, anti-diabetic, anti-inflammatory, 
and anti-cancer properties. These chemicals compounds 
could be used in the pharmaceutical industry to generate 
income and provide benefits for human health. Further, 
lichens have been used as bioindicators to monitor air 
quality in Sri Lanka responding to atmospheric NO2, 
SO2, and metal levels in different parts of the country, 
especially in urban areas. Ongoing studies can be used 
as baseline information for proposing critical levels of 
air pollutants, such as NH3, for tropical regions. Also, 
sensitive and tolerant lichen species to changes in air 

quality can be proposed based on current studies. Critical 
levels of NH3 are already established in countries in 
temperate regions, where citizen monitoring programs 
have been conducted to increase community engagement 
on monitoring air quality using bioindicators. Public 
awareness and engagement on lichen biomonitoring and 
lichen conservation should be another future direction in 
lichen studies in Sri Lanka.
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Optimal control strategies for diabetes population management using 
mathematical models

Abstract: Diabetes is a long-lasting medical condition that 
affects the entire world. In the present paper, we modify 
and analyze an existing mathematical model for diabetes 
population dynamics, considering control strategies. We 
presented two models, and the first model was developed with 
the assumption that the total population grows logistically. 
The second model was constructed by employing strategies 
in pursuit of controlling the growth of the diabetic population. 
Using Pontryagin’s maximum principle, we characterized the 
optimal controls. The optimality systems were solved using 
the forward-backward sweep iteration with the fourth-order 
Runge-Kutta method. This shows that the incidence rate of pre-
diabetes is a crucial factor in estimating the burden of diabetes. 
It can also be concluded that by applying control strategies such 
as awareness of diet plans and regular testing, the number of 
incidences of pre-diabetes decreases by nearly 45% and the 
number of diabetes incidences, with and without complications, 
declined by approximately 75% over the period of 50 years.

Keywords: Diabetes population dynamics, optimal control, 
Pontryagin’s maximum principle.

Introduction

Diabetes is a chronic disease that substantially affects 
people’s health, and the global pandemic affects all 
nations. The International Diabetes Federation estimates 
that 537 million adults worldwide had diabetes in 2021, 

and one person dies from it every five seconds. Therefore, 
approximately 17,280 adults die due to diabetes per day 
worldwide (International Federation of Diabetes, 2025). 
Diabetes is characterized by issues with the insulin 
hormone. The World Health Organization claims that 
diabetes develops when the pancreas does not produce 
enough insulin or when the body cannot effectively use 
the insulin that is produced in the pancreas. As a result of 
this fact, the level of glucose in the blood rises in general 
(WHO, 2025).

	 According to the World Health Organization (WHO), 
there are three main types of diabetes called Type 1, 
Type 2, and Gestational Diabetes. Type 1 diabetes arises 
when the pancreas does not produce insulin or does not 
produce a sufficient amount of insulin. Approximately 5-
10% of all diabetes cases are Type 1. Type 2 diabetes 
occurs when the patient’s body does not respond properly 
to insulin. The majority of diabetics (90–95%) have Type 
2. Some people have “prediabetes,” which means their 
blood sugar is high, but not high enough to be diagnosed 
with type 2 diabetes. Pre-diabetes increases the chances 
of developing type 2 diabetes. Gestational diabetes 
occurs when women are pregnant. Although gestational 
diabetes typically goes away after delivery, it increases 
the risk of type 2 diabetes in the future.
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Diabetes requires expensive, time-consuming 
treatment and care due to its chronic nature and serious 
complications, which have an impact on the whole of 
society. Therefore, a large number of research studies 
have been conducted using optimal control strategies 
to decrease the diabetes burden over the past years. In 
a related study, in 2020, Abdelfatah Kouidere and co-
authors proposed a mathematical model in an effort to 
reduce the impact of behavioral influences and reduce 
the number of diabetics with treatable complications 
(Kouidere et al., 2020). They employed control theory 
to characterize the optimal control strategies to manage 
these complications. The effectiveness of the suggested 
control strategy was demonstrated by the numerical 
simulation of the results. In 2014, M. Derouich and co-
authors presented an optimal control approach to the 
dynamics of the diabetes population (Derouich et al., 
2014). They demonstrated the existence of an optimal 
control and then monitored the population density in 
each compartment using an implicit finite-difference 
method. According to their model, by using optimal 
control strategies, the number of diabetics with and 
without complications can be significantly decreased 
over the course of ten years. In the paper by Kouidere 
et al., (2021), the authors have considered the negative 
impact of lifestyle on diabetic patients and presented a 
model for diabetic population dynamics. On the basis of 
age, they emphasized how socio-environmental factors 
affect diabetic patients negatively. Also, they presented 
an optimal strategy for implementing the best awareness 
campaigns aimed at protecting diabetes patients from the 
negative impact of a lifestyle that leads to complications. 
They used Pontryagin’s maximum principle to classify 
the optimal controls, and an iterative approach was used 
to solve the optimality problem. MATLAB was utilized 
to complete the numerical simulation. The effectiveness 
of the suggested control strategies was demonstrated by 
the numerical simulation of the results.

	 T. T. Yusuf proposed a deterministic model for 
effective health management of diabetic patients using 
two different control strategies: careful management of 
patients with complications to keep them from developing 
further complications, and management of patients before 
complications arise (Yusuf, 2015). In order to determine 
the best combination of control strategies that will reduce 
the cost of putting the suggested strategies into practice, 
as well as the incidence of complications within the 
population, they formulated a fixed-time optimal control 
problem subject to the dynamics of the model. To prove 
the existence and uniqueness of the optimal control, 
they have used Pontryagin’s maximum principle. Their 
findings demonstrated that those without complications 

 

 

  

 

 

 

 

 

 

 

 

Figure 1:	 Flow diagram of EDC Model.

should be given preference in cases where there are 
insufficient resources to treat all patients medically 
in order to keep them free from complications. The 
growing issue of the diabetes epidemic in Sri Lanka was 
investigated by P. Katulanda, M. H. R. Sheriff, and D. R. 
Matthews (Katulanda et al., 2009). They claim that the 
largest study ever conducted on the prevalence of diabetes 
in Sri Lanka was released in 2005. It revealed a 14.2% 
prevalence in men and a 13.5% prevalence in women. 
They came to the conclusion that Sri Lanka is one of the 
nations with the highest diabetes prevalence rates in the 
world and that the data on the prevalence of diabetes in 
the country clearly shows an upward trend. At the time, 
an estimated 2.8 million adults in Sri Lanka had diabetes 
mellitus, with a considerable proportion remaining 
undiagnosed. A cross-sectional study was conducted on 
diabetes complications in Sri Lankan adults admitted 
to two government hospitals by U. Navaseelan and K. 
Judenimal (Navaseelan & Judenimal, 2017). This study 
found a significant number of diabetic patients with 
diabetes mellitus visiting diabetic clinics, in particular 
hospitals in the Eastern Province of Sri Lanka, as well 
as co-morbidities and complications related to their 
diabetes mellitus. Additionally, this study confirms 
that there is a paucity of patient information regarding 
diabetes prevention, complications, and treatment. It 
is unquestionably important to arm patients with the 
data they need to get the most out of their diabetes 
treatment.

Methodology

A Mathematical model for pre-diabetes (E), Diabetes 
without complications (D) and diabetes with 
complications (C).

We take into account the model formulated by A. 
Boutayeb et al. (Derouich et al., 2014) by considering 
three compartments, Pre-diabetes (E), Diabetes free from 
complications (D) and Diabetes with complications (C). 
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The flow diagram of the model (EDC model) is shown 
in Figure 1. 

The EDC model is presented in systems of equations 1.
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Description of the model variables and parameters is 
given in Table 1. Unit of each of the model parameter is 
per year.

The parameter v represents the rate at which individuals 
with diabetes develop severe disabilities due to 
complications such as diabetic retinopathy (leading to 
blindness), diabetic neuropathy (resulting in pain and 
amputations), diabetic nephropathy (causing kidney 
failure), cardiovascular diseases (like heart attacks 
and strokes), diabetic foot diseases (leading to severe 
infections and amputations), and cognitive impairments 
(increasing the risk of dementia), critically impacting the 
population’s health burden and the effectiveness of the 
optimal control strategy aimed at minimizing this burden 
through the objective functional J(u).

	 The flow diagram of the model with control strategies 
is given in Figure 2. Here u is a control variable, in diabetes 
population models, such as lifestyle modification efforts, 
health education, early detection programmes, etc.

Parameter / variable Description 

E Cases of pre-diabetes

D Cases of diabetes free from complications

C Cases of diabetes with complications

n = E + D + C The population size of diabetes and pre- diabetes

N The total population size

I Incidence of pre-diabetes

μ Natural death rate

β1 The rate of developing diabetes

β2 The complication development rate in a diabetic person

β3 The rate at which people with pre-diabetes develop complications

γ Curing rate of complications

v Severely disabling rate of diabetes with complications

δ The death rate of people with diabetes complications

Table 1:	 Description of the model variables and parameters

 

 

  

 

 

 

 

 

 

 

 

Figure 2:	 EDC model with control u.

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − (𝜇𝜇 + 𝛽𝛽� + 𝛽𝛽�)𝐸𝐸, 

 

 ��
��

= 𝛽𝛽�𝐸𝐸 − (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

 𝐽𝐽(𝑢𝑢) = ∫ (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�)𝑑𝑑𝑑𝑑.�
�  

  

𝑈𝑈 = {𝑢𝑢(𝑡𝑡) / 𝑢𝑢 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 , 0 ≤ 𝑢𝑢(𝑡𝑡) ≤ 1, 𝑡𝑡𝑡𝑡[0, 𝑇𝑇]} . 

 

 𝑢𝑢∗𝜖𝜖𝜖𝜖 

𝐽𝐽(𝑢𝑢∗)  =  min
���

𝐽𝐽(𝑢𝑢). 

 

𝐼𝐼 ∝ 𝑁𝑁 =>  𝐼𝐼 =  𝛼𝛼𝛼𝛼. 

 

 ��
��

= 𝑟𝑟𝑟𝑟 �1 − �
�

�. 

  

𝑁𝑁(𝑡𝑡) =
𝐾𝐾

1 + 𝑒𝑒��(����) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − (𝜇𝜇 + 𝛽𝛽� + 𝛽𝛽�)𝐸𝐸, 

 

 ��
��

= 𝛽𝛽�𝐸𝐸 − (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

 𝐽𝐽(𝑢𝑢) = ∫ (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�)𝑑𝑑𝑑𝑑.�
�  

  

𝑈𝑈 = {𝑢𝑢(𝑡𝑡) / 𝑢𝑢 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 , 0 ≤ 𝑢𝑢(𝑡𝑡) ≤ 1, 𝑡𝑡𝑡𝑡[0, 𝑇𝑇]} . 

 

 𝑢𝑢∗𝜖𝜖𝜖𝜖 

𝐽𝐽(𝑢𝑢∗)  =  min
���

𝐽𝐽(𝑢𝑢). 

 

𝐼𝐼 ∝ 𝑁𝑁 =>  𝐼𝐼 =  𝛼𝛼𝛼𝛼. 

 

 ��
��

= 𝑟𝑟𝑟𝑟 �1 − �
�

�. 

  

𝑁𝑁(𝑡𝑡) =
𝐾𝐾

1 + 𝑒𝑒��(����) 

		  ...(2)
	

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − (𝜇𝜇 + 𝛽𝛽� + 𝛽𝛽�)𝐸𝐸, 

 

 ��
��

= 𝛽𝛽�𝐸𝐸 − (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

 𝐽𝐽(𝑢𝑢) = ∫ (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�)𝑑𝑑𝑑𝑑.�
�  

  

𝑈𝑈 = {𝑢𝑢(𝑡𝑡) / 𝑢𝑢 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 , 0 ≤ 𝑢𝑢(𝑡𝑡) ≤ 1, 𝑡𝑡𝑡𝑡[0, 𝑇𝑇]} . 

 

 𝑢𝑢∗𝜖𝜖𝜖𝜖 

𝐽𝐽(𝑢𝑢∗)  =  min
���

𝐽𝐽(𝑢𝑢). 

 

𝐼𝐼 ∝ 𝑁𝑁 =>  𝐼𝐼 =  𝛼𝛼𝛼𝛼. 

 

 ��
��

= 𝑟𝑟𝑟𝑟 �1 − �
�

�. 

  

𝑁𝑁(𝑡𝑡) =
𝐾𝐾

1 + 𝑒𝑒��(����) 

			 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − (𝜇𝜇 + 𝛽𝛽� + 𝛽𝛽�)𝐸𝐸, 

 

 ��
��

= 𝛽𝛽�𝐸𝐸 − (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

 ��
��

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

 𝐽𝐽(𝑢𝑢) = ∫ (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�)𝑑𝑑𝑑𝑑.�
�  

  

𝑈𝑈 = {𝑢𝑢(𝑡𝑡) / 𝑢𝑢 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 , 0 ≤ 𝑢𝑢(𝑡𝑡) ≤ 1, 𝑡𝑡𝑡𝑡[0, 𝑇𝑇]} . 

 

 𝑢𝑢∗𝜖𝜖𝜖𝜖 

𝐽𝐽(𝑢𝑢∗)  =  min
���

𝐽𝐽(𝑢𝑢). 

 

𝐼𝐼 ∝ 𝑁𝑁 =>  𝐼𝐼 =  𝛼𝛼𝛼𝛼. 

 

 ��
��

= 𝑟𝑟𝑟𝑟 �1 − �
�

�. 

  

𝑁𝑁(𝑡𝑡) =
𝐾𝐾

1 + 𝑒𝑒��(����) 



222		  TDT Madhushika et al.,

September 2025	 Journal of the National Science Foundation of Sri Lanka 53(3)

For this optimization process, the objective functional has 
been constructed by considering the competitive nature of  
D, C with u. Managing diabetes at the population level 
presents a trade-off between intervention costs and health 
outcomes. Increasing control efforts, such as treatment, 
screening, or education, can reduce the number of people 
with diabetes and further with complications, but incur 
higher immediate costs. In contrast, minimal control 
reduces short-term costs but increases long-term health 
and economic burdens. Therefore, an optimal balance 
between these two concepts is needed to minimize 
the overall cost of maintaining diabetes within the 
population. Thus, in this study, the objective functional 
J(u) is defined in the following manner:
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Where;

A - Positive weight that balances the size of terms,
T - Terminal time of the optimal control process.

Define the set of control by
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	 We use a modified version of this  mathematical 
model (Derouich et al., 2014) to explain the dynamics 
of diabetes. We aim to forecast the impact of control 
strategies on the population over a long period. However, 
the model presented by Derouich et al. (2014) is not 
applicable for long-term forecasting because it does not 
take into account the growth of the total population over 
time. Additionally, our control strategies differ from 
those considered by them, to check whether we could get 
better results compared to the existing study.

Modification of the EDC model considering time-
dependent incidence of Pre-diabetes (I).

In the model (equations 2), the incidence of pre-diabetes 
is constant throughout the considered time period. But if 
the considered time period is long, the incidence rate of 
pre-diabetes could not be constant as the total population 
grows as time increases. The study indicated about rising 
diabetes prevalence, with estimates of  2%–6% during the 
1990s and 8%–15% in the 2000s–2010s  (Prasan Rannan-
Eliya et al., 2023). Based on the preliminary report of the 
Census of Population and Housing 2024 Enumeration 
Stage, (2025) , Sri Lanka’s total population rose from 

14.8 million in 1981 to 21.7 million in 2024, indicating 
a significant population increase over the period. 
Furthermore, there is compelling evidence from several 
studies indicating that the prevalence of prediabetes has 
significantly grown in Sri Lanka throughout the last two 
to three decades (Akhtar et al., 2023). Hence, assuming 
that the incidence of pre- diabetes I(t), at time t, is 
proportional to the total population size N(t), at time t, 
is justifiable and can be used to modify the underlined 
mathematical model. 

	 Therefore, the EDC model can be modified by 
replacing I by αN, where α is the proportional constant. 
That is,
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Moreover, the census data and demographic trends in 
Sri Lanka over the past few decades reflect the logistic 
growth model. The population growth rate averaged 
approximately 2.6% annually before the early 1970s, then 
declined steadily to below 1% by the early 2000s. This 
trajectory reflects the characteristic pattern of logistic 
growth, with an initial phase of rapid acceleration, 
followed by a peak growth period, and a subsequent 
deceleration as the population approaches a stable level 
(Sri Lanka - Population, Migration, Density | Britannica, 
2025). The logistic growth model takes the following 
form (Stewart, 2012)
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Here, r is the growth rate, and K is the carrying capacity 
of the population. The solution of this model takes the 
form;
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The future total population size in Sri Lanka can be 
forecasted by estimating the parameters of equation 6 
using the available census data. The estimated parameters 
are r = 0.0228, K = 3.9474 × 107, and t0 = 2007. 

The EDC model is modified by replacing I by αN is given 
in the system of equations 7.
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is positively invariant under system 7, thereby 
guaranteeing the existence and positivity of solutions 
within this region. 

Proof: This has been proven by Derouich et al., (2014) for 
the case when N is constant. However, the same process 
can further be used to obtain the result for the case when 
N is a variable quantity since it is a bounded quantity, as 
it will not exceed the carrying capacity. 

Characterization of the optimal control

In order to derive the necessary conditions for optimal 
control, we can apply Pontryagin’s maximum principle 
(Chambers et al., 1965).

Theorem 2. Given an optimal control u* and solutions 
E*, D*, and C* of the associated state system 7, there exist 
adjoint variables λ1, λ2, and λ3 satisfying;
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� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

 	 ...(8)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

                            
                                                                           
With transversality conditions: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

 and the optimal control:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

     

	

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

	 ...(9)
                                                                                         
Proof: Hamiltonian H, at time t, is defined by,

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

	
𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

Here;

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

Optimality condition u*  is found such that H is optimized. 
The critical value u* is given by the solution of the 
equation 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

 

𝛺𝛺 = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤ 𝐸𝐸, 𝐷𝐷, 𝐶𝐶 ≤
𝛼𝛼𝛼𝛼
𝜇𝜇 � 

 

𝜆𝜆�
� = (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0 

 

𝑢𝑢∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,
1

2𝐴𝐴
[𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�) + 𝐷𝐷∗𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]��.  

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛼𝛼𝛼𝛼 − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

  𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0. 

 

 That is;

                        2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

		 2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

The adjoint variables λ1, λ2 and λ3 are obtained by solving 
the following system:

𝜆𝜆�
�  = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

	
	

𝜆𝜆�
�  = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�
�  = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

	 ...(10)

𝜆𝜆�
�  = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

provided with respect to conditions,

  → 

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

Modification of the EDC model considering two 
control strategies

Furthermore, we can modify system 1 by introducing 
new controls:

•	 u1 -	 Awareness of diet plans.
•	 u2 -	 Awareness of Regular testing for diabetes 

without complications.

 

 

  

 

 

 

 

 

 

 

 

Figure 3:	 EDC model with two controls, u1, u2.
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Based on the above controls, the proposed model is 
depicted in Figure 3.

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 
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𝑑𝑑𝑑𝑑
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𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 
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= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 
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𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
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∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 
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[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 
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𝑑𝑑𝑑𝑑
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
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= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
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𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�
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��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 
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The aim of this process is to minimize the following 
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where; 

A, B - Positive weights that balance the size of terms. 
The objective is to characterize an optimal control 
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

 satisfying; 

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

Existence and positivity of solutions

Theorem 3 

The set 

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

 is positively 

invariant under the system 11.

Proof:

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

2𝐴𝐴𝐴𝐴 + 𝜆𝜆�(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸 + 𝜆𝜆�(−𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) − 𝜆𝜆�(𝛽𝛽�𝐸𝐸 + 𝛽𝛽�𝐷𝐷) = 0, 

 

𝑢𝑢∗ =
1

2𝐴𝐴
[𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐸𝐸∗(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�𝐷𝐷∗(𝜆𝜆� − 𝜆𝜆�)] 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜆𝜆� − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + (𝜆𝜆�  − 𝜆𝜆�)(1 − 𝑢𝑢∗)𝛽𝛽�  + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (µ + 𝛾𝛾 + ʋ + 𝛿𝛿)𝐶𝐶. 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑,
�

�
 

𝑢𝑢�
∗, 𝑢𝑢�

∗ ∈ 𝑈𝑈  

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�). 

 

Ω = �(𝐸𝐸, 𝐷𝐷, 𝐶𝐶)𝜖𝜖ℝ�/ 0 ≤  𝐶𝐶, 𝐷𝐷, 𝐸𝐸 ≤  
𝐼𝐼
𝜇𝜇� 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −�𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸. 

By the differential form of Gronwall’s inequality:

This implies E(t) > 0.

Assuming that  ∃, some time t* > 0 such that D(t*) = 0, 
other variables are positive and D(t) > 0 for t ∈ [0, t*]. By 
the second equation of the system 11:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

Multiplying both sides by 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

,

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

Integrating this from 0 to t* ,

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

We obtain the result

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

	

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

, which contradicts 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

 Consequently, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

 

By the third equation of the system 11:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

By the differential form of Gronwall’s inequality,

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 
This implies; 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ (𝜇𝜇 + 𝛽𝛽�)𝐷𝐷 = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾. 

 

𝑒𝑒(����)� 

 

𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]. 

 

�
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝐷𝐷𝐷𝐷(����)�� = � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑,

�∗

�

�∗

�
 

 

𝐷𝐷(𝑡𝑡∗) = 𝑒𝑒�(����)�∗ �𝐷𝐷(0) + � 𝑒𝑒(����)�[𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�𝑢𝑢�𝐷𝐷 + 𝛾𝛾𝛾𝛾]𝑑𝑑𝑑𝑑
�∗

�
�. 

 

𝐷𝐷(𝑡𝑡∗) > 0 

 

𝐷𝐷(𝑡𝑡∗)  =  0. 

 

𝐷𝐷(𝑡𝑡) > 0 ∀𝑡𝑡 ∈ [0, 𝑇𝑇 ]. 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0.  

By adding equations of the system 11, we obtain:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

where 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

By integrating, we obtain:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

This implies 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

	

Theorem 4 

The system 11 that satisfies a given initial condition 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

 has a unique solution.

Proof: Let;

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

 and 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

Therefore, the system 11 can be rewritten as follows:

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

where,
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 
and

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶, 

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≥ −(𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶   (∵  𝐸𝐸(𝑡𝑡) >  0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷(𝑡𝑡) >  0). 

 

𝐶𝐶(𝑡𝑡) = 𝐶𝐶(0). 𝑒𝑒𝑒𝑒𝑒𝑒(−(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)𝑡𝑡) > 0, 

 

𝐶𝐶(𝑡𝑡) > 0. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝜇𝜇𝜇𝜇 − (𝜐𝜐 + 𝛿𝛿)𝐶𝐶 ≤ 𝐼𝐼 − µ𝑛𝑛, 

𝑛𝑛 = 𝐸𝐸 + 𝐷𝐷 + 𝐶𝐶. 

𝑛𝑛 ≤
𝐼𝐼
µ

− �
𝐼𝐼
µ

− 𝑛𝑛(0)� 𝑒𝑒���, 

 

𝑛𝑛(𝑡𝑡) ≤
𝐼𝐼
µ

. 

(𝐸𝐸(0), 𝐷𝐷(0), 𝐶𝐶(0))  ∈  Ω 

𝑋𝑋 = �
𝐸𝐸
𝐷𝐷
𝐶𝐶

�, 

ψ(X) = 𝑋𝑋� =

⎝

⎜
⎜
⎛

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 ⎠

⎟
⎟
⎞

.  

𝜓𝜓(𝑋𝑋) =  𝑋𝑋�  =  𝐴𝐴𝐴𝐴 + 𝐵𝐵, 

 

𝐴𝐴 = �
−[µ + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�) 0 0

𝛽𝛽�(1 − 𝑢𝑢�) −[𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)] 𝛾𝛾
𝛽𝛽�(1 − 𝑢𝑢�) 𝛽𝛽�(1 − 𝑢𝑢�) −(µ + 𝛾𝛾 + 𝜈𝜈 + 𝛿𝛿)

�, 

 

𝐵𝐵 = �
𝐼𝐼(1 − 𝑢𝑢�)

0
0

�. 

Then,

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

	 Therefore, the function ψ is uniformly 
Lipschitz continuous. Hence, from the definition 
of the controls  

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

 and the limitations 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

, it can be concluded that 
the solution of the system 11 exists (Birkhoff & Rota, 
1989).	                                                                             
                                                                    
Existence of an optimal control pair

Lemma 1. There exist optimal solutions 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

  
such that 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

  for the optimal 
control problem indicated in system 11.

Proof: By using Fleming and Rishel result (Fleming & 
Rishel, 2012) and performing the following steps, it is 
possible to obtain the existence of optimal control.
•	 According to theorems 3 and 4, the set of controls and 

associated state variables are non-empty.
•	

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

 is convex in 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

  
and 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

.
•	 By definition, the control space U is convex and 

closed.
•	 The integrand in the objective functional, 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

 is obviously convex in 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

.
•	 There exist constants 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

 such that   

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

, where 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ (𝐴𝐴𝐴𝐴� + 𝐵𝐵) − (𝐴𝐴𝐴𝐴� + 𝐵𝐵) ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥= ∥ 𝐴𝐴𝐴𝐴� − 𝐴𝐴𝐴𝐴� ∥, 

 

∥ 𝜓𝜓(𝑋𝑋�) − 𝜓𝜓(𝑋𝑋�) ∥ ≤ ∥ 𝐴𝐴 ∥ . ∥  (𝑋𝑋� −  𝑋𝑋�) ∥. 

 

𝑢𝑢�(𝑡𝑡), 𝑢𝑢�(𝑡𝑡) 

 

𝐸𝐸(𝑡𝑡) ≥ 0, 𝐷𝐷(𝑡𝑡) ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶(𝑡𝑡) ≥  0 

 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) ∈ 𝑈𝑈 

 

𝐽𝐽(𝑢𝑢�
∗, 𝑢𝑢�

∗) = min
��,��∈�

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) 

 

𝐽𝐽(𝑢𝑢�, 𝑢𝑢�) = � (𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�)𝑑𝑑𝑑𝑑
�

�
 

𝑢𝑢�  𝑢𝑢� 𝑈𝑈 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) 

𝑈𝑈 × 𝑈𝑈 

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 

 

(𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

�) ≥  𝑎𝑎 + 𝑏𝑏|𝑢𝑢�|� + 𝑐𝑐|𝑢𝑢�|� 

𝛼𝛼 > 1 

(𝑢𝑢�
∗, 𝑢𝑢�

∗) 

𝜆𝜆�
�  =  𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�
∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

 .

Characterization of an optimal control pair

The necessary conditions for the optimal control pair 
arise from Pontryagin’s maximum principle (Chambers 
et al., 1965).
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∗) (𝜆𝜆� − 𝜆𝜆�), 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�µ + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�),  

 

𝜆𝜆�
�  =  −1 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿) + 𝛾𝛾(𝜆𝜆�  − 𝜆𝜆�), 

	 With transversality conditions  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 
 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 and the optimal control pair
 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 ...(14)              
                                   
Proof: the Hamiltonian H at time t is defined by:

 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

	

 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

Here,

 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]�� 

𝐻𝐻 = 𝐷𝐷 + 𝐶𝐶 + 𝐴𝐴𝐴𝐴�
� + 𝐵𝐵𝐵𝐵�

� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  𝜆𝜆�(𝑇𝑇)  =  0 

 

𝑢𝑢�
∗  =  𝑚𝑚𝑚𝑚𝑚𝑚 �1, 𝑚𝑚𝑚𝑚𝑚𝑚 �0,

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]��,  

 

𝑢𝑢�
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� + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗) + 𝜆𝜆�𝑓𝑓�( 𝐸𝐸∗, 𝐷𝐷∗, 𝐶𝐶∗). 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝐼𝐼(1 − 𝑢𝑢�) − �𝜇𝜇 + (𝛽𝛽� + 𝛽𝛽�)(1 − 𝑢𝑢�)�𝐸𝐸, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 − �𝜇𝜇 + 𝛽𝛽�(1 − 𝑢𝑢�)�𝐷𝐷 + 𝛾𝛾𝛾𝛾, 

 

𝑓𝑓�(𝐸𝐸, 𝐷𝐷, 𝐶𝐶) = 𝛽𝛽�(1 − 𝑢𝑢�)𝐸𝐸 + 𝛽𝛽�(1 − 𝑢𝑢�)𝐷𝐷 − (𝜇𝜇 + 𝛾𝛾 + 𝜐𝜐 + 𝛿𝛿)𝐶𝐶. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐴𝐴𝐴𝐴� − 𝐼𝐼𝐼𝐼� + 𝜆𝜆�[(𝛽𝛽� + 𝛽𝛽�)𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] + 𝜆𝜆�[−𝛽𝛽�𝐸𝐸] = 0, 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

1
2𝐴𝐴

[𝐼𝐼𝐼𝐼� + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�) + 𝐸𝐸𝐸𝐸�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 2𝐵𝐵𝐵𝐵� + 𝜆𝜆�𝛽𝛽�𝐷𝐷 − 𝜆𝜆�𝛽𝛽�𝐷𝐷, 

 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

= 0 ⇒ 𝑢𝑢�
∗ =

𝐷𝐷
2𝐵𝐵

[𝛽𝛽�(𝜆𝜆� − 𝜆𝜆�)]. 

 

𝜆𝜆�
�  =

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�) + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�)  + µ𝜆𝜆�,  

 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

        
 
We can obtain the adjoint variables λ1, λ2 and λ3 by the 
following system:

𝜆𝜆�
�  = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�)  + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = − 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = − 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

 

𝜆𝜆�
�  = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�)  + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = − 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = − 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 
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𝜆𝜆�
�  = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆� − 𝜆𝜆�)  + 𝛽𝛽�(1 − 𝑢𝑢�

∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = − 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + 𝛽𝛽�(1 − 𝑢𝑢�
∗)(𝜆𝜆�  − 𝜆𝜆�) + µ𝜆𝜆�,  

 

𝜆𝜆�
�  = − 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

 

 	 ...(15)

→

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

Numerical simulation

Using a fourth-order Runge-Kutta scheme, we 
numerically solved the resulting optimality systems 
7 and 11. This method involves a two-step process. It 
begins by forward solving the state equations using an 
initial guess for the control parameters u1 and u2. As the 
forward solution progresses, the controls are continuously 
updated based on control equations 9 or 14. In parallel, 
the method solves adjoint equations backwards initialized 
with transversality conditions until results converge; this 
process is continued iteratively. This process is called 
Forward Backward Sweep Method. 

	 There are many types of tests available to obtain 
the convergence behavior of the numerical solutions 
(Bellonietal, 1993; Lenhart & Workman, 2007). We 
considered the evolution of the size between two 
consecutive solution with respect to the number of 

iterations. Suppose that 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

 and 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

  
are the state and control vectors. 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

 denote the 
vectors of estimated values of the current iteration and 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

 are those of the previous iteration. Then we 
define,

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

and

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

In order to define the stopping criteria for the optimization 
algorithm, define

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

	

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

for some 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

. Then we stop the algorithm if, 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

 is sufficiently small. The utilized 
optimization algorithm with the forward-backward 
sweep method is presented below.

Algorithm 1 Optimization algorithm with forward backward sweep method

Input: Initial state X0, initial control U0, tolerance (tol), set parameters.
Output: Optimal control U *, optimal state X *

Set k = 0
Test = min 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

 (initially set as a constant value.) 
while Test ≥ tol

1.	 Solve the state system (given Uk )
2.	 Solve the adjoint system
3.	 Compute the cost functional
4.	 Update 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���

 

 

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑋𝑋���‖ − ‖𝑋𝑋��� − 𝑋𝑋�‖ and 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� = 𝛿𝛿‖𝑈𝑈���‖ − ‖𝑈𝑈��� − 𝑈𝑈�‖ 

𝛿𝛿 >  0 

min (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�) 

   𝑈𝑈∗ = 𝑈𝑈� 

   𝑋𝑋∗ = 𝑋𝑋� 

 

‖𝑈𝑈�‖ 

�𝑈𝑈� − 𝑈𝑈�/��
‖𝑈𝑈�‖  

�𝑈𝑈� − 𝑈𝑈�/��
�𝑈𝑈�/� − 𝑈𝑈�/��

 

log� �
�𝑈𝑈� − 𝑈𝑈�/��

�𝑈𝑈�/� − 𝑈𝑈�/��
� 

 

 

 using 14 or 9
5.	 Compute Test = min 

𝜆𝜆�
�  =  

−𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −1 + (𝜆𝜆� − 𝜆𝜆�)𝛾𝛾 + 𝜆𝜆�(µ + 𝜈𝜈 + 𝛿𝛿). 

 

𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 𝜆𝜆�(𝑇𝑇) = 0. 

 

𝑋𝑋 =  (𝐸𝐸, 𝐷𝐷, 𝐶𝐶) 

𝑈𝑈 =  (𝑢𝑢�, 𝑢𝑢�) 

𝑋𝑋���, 𝑈𝑈��� 𝑋𝑋�, 𝑈𝑈�  

 

‖𝑋𝑋��� − 𝑋𝑋�‖ = �|𝑋𝑋���(𝑖𝑖) − 𝑋𝑋�(𝑖𝑖)|
���

���

 

 

‖𝑈𝑈��� − 𝑈𝑈�‖ = �|𝑈𝑈���(𝑖𝑖) − 𝑈𝑈�(𝑖𝑖)|
���

���
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The appropriate parameter values are selected for the 
numerical simulation, and the year 2007 is used as the 
starting point for the simulations.

	 The weight constants are chosen in the following 
way because of the difference in scales between the 
control and state functions: For the EDC  model with 

variable incidence of pre-diabetes, A = 3,550,000  and 
for the EDC  model with two controls, A = 4,550,000 
and B = 1,550,000. Also, initial states are chosen as 
E(0) = 1,710,456, D(0) = 148,428 and C(0) = 103,899 
which are the relevant values for Sri Lanka in the year 
2007.
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Results and Discussion

EDC model with variable incidence of pre-diabetes (I)

Control strategies and the compartment sizes of the 
proposed model were estimated using the numerical 
solutions of the optimal control problem. The results of 
the current model indicate that the incidence rate I may 
not behave as a constant for a long time period. Figures 

4, 5, and 6 illustrate the variation in the population 
sizes of individuals with diabetes (with and without 
complications) and those with pre-diabetes, under both 
constant incidence rate and incidence rate varying 
according to the logistic growth of the population. Figure 
7 presents the variation in the control for both scenarios. 
Figure 8 shows the behaviour of the objective functional 
when the incidence rate is constant, while Figure 9 
presents it when the incidence rate varies according to 
the logistic growth of the population.

Parameter Value year−1 Description

 μ 0.0059 Natural death rate

ν 0.005 Severely disabling rate of diabetes with complications

γ 0.05 Curing rate of complications

δ 0.059 The death rate of people with diabetes complications

β1 0.03 Diabetes developing probability

β2 0.0067 Complication developing probability of a diabetic person

β3 0.0005 The probability of prediabetes getting complications

I 565,440 Incidence of pre-diabetes

Table 2:	 Parameter values used in numerical simulation

 

 

 

 

 

 

 

 

 

 

  

 

 

  

 

 

 

 

 

  

Figure 4:	 The evolution of the number of diabetes incidences with 
complications, with constant I and variable incidence rate 
(I) 

 

 

 

 

 

 

 

 

 

 

  

 

 

  

 

 

 

 

 

  

Figure 5:	 The evolution of the number of diabetes incidences, with-
out complications with constant and variable incidence rate 
(I).
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Figure 8:	 Behaviour of the objective functional against the number 
of iterations, when the incident rate is constant.

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

Figure 9:	 Behaviour of the objective functional against the number 
of iterations, when the incident rate varies.

The observation of the presented model reveals that 
with a constant incident rate, the number of incidences 
of pre-diabetes, diabetes without complications, and 
diabetes with complications will reach 23.91 million, 
19.33 million and 1839 in 50 years, respectively. Under 
the same parameter values, but with variable incident 
rate, the population of people with pre-diabetes, diabetes 

without complications, and diabetes with complications 
will reach 36.73 million, 18.32 million, and 1338 in 50 
years, respectively. Moreover, with a variable incidence 
of pre-diabetes (I), the control u reaches its maximum 
value within 19 years, while it takes 23 years for a 
constant incidence of pre-diabetes (I).

 

 

 

 

 

 

 

 

 

 

  

 

 

  

 

 

 

 

 

  

Figure 6:	 The evolution of the number of pre-diabetes incidences 
with constant and variable incidence rate (I).

 

 

 

 

 

 

 

 

 

 

  

 

 

  

 

 

 

 

 

  
Figure 7:	 The behaviour of the control   with constant and variable 

incidence rate (I).
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Figure 10:	 The evolution of the number of incidences of diabetes 
with complications, with and without controls.

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11:	 The evolution of the number of incidences of diabetes 
without complications, with and without controls. 

 

 

 

 

 

 

 

 

 

 

 

Figure 12:	 The evolution of the number of incidences of pre-diabe-
tes, with and without controls.

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13:	 The behaviour of the objective functional J (u1, u2).

EDC Model with two controls

In this section, we present the results of our second model, 
which demonstrates how pre-diabetes and diabetes (with 

and without complications) vary under the influence of 
two control variables. We also examine the behaviour 
of the objective functional and the control strategies u1​ 
and u2.
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Figure 14:	 The behaviour of the control u1 .

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

Figure 15:	 The behaviour of the control u2 .
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h 0.3836×109 0.115888×10-4 4.3947 2.1344

h/2 0.7653×109 0.013085×10-4 3.2190 1.6740

h/4 1.5285×109 0.002052×10-4 3.0245 1.5959

h/8 3.0550×109 0.000342×10-4 6.5338 2.6891

h/16 6.1080×109 0.000026×10-4

h/32 0.1221×109

Table 3:	 Error and order of convergence of state variables (h = 0.4)

In this model, we observed that the number of incidences 
of pre-diabetes, diabetes without complications, and 
diabetes with complications will reach 13.29 million, 
11.4 million, and 0.5572 million, respectively, in 50 
years without optimal control. Under the same parameter 
values, but with optimal control, the population 
of patients with pre-diabetes, diabetes without 
complications, and diabetes with complications will 
reach 7.5 million, 2.508 million, and 0.1356 million 
in 50 years, respectively. According to Figures 14 and 
15, the control u1 should receive more attention than the 
control u2 during the considered time period. Further, 
the control u1 should be conducted at full capacity after 
35 years of period.

Error Analysis of the Solution

In this section, an error analysis of the solution is 
conducted by evaluating the errors and convergence 
rates of both the state and control variables at different 
step sizes to check the convergence of the proposed 
simulation algorithm. The obtained results are shown in 
Table 3, Table 4, and Figure 16. The analysis shows that 
as the step size decreases, the errors for both the state 
and control variables significantly decrease, indicating 
improved accuracy of the algorithm. The tables also 
show the logarithmic ratios of these errors, which further 
demonstrate the increasing order of convergence. This 
consistent improvement in accuracy with smaller step 
sizes highlights the effectiveness and reliability of the 
solution method employed. 
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h/8 324.3892 0.0025×10-5 7.4125 2.7519

h/16 648.5043 0.0001×10-5

h/32 1296.7344

Table 4:	 Error and order of convergence of control variables
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Figure 16: Variation of Relative Errors of State Variables and Controls against Step Size. 
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mathematical models considering the above-mentioned subclasses ( ) and two diabetes control 
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regular testing and awareness programmes for diabetes without complications. We observed that 

under control strategies, the population sizes of patients with pre-diabetes, diabetes without 

complications, and diabetes with complications decreased by 44%, 78%, and 76% respectively, after 

the end of 50 years. Therefore, the numerical simulation of the obtained results showed the 

effectiveness of the proposed control strategies. Since diabetes is a worldwide problem with different 

rates of incidence, prevalence, mortality, and morbidity, the current mathematical models can be 

Figure 16:	 Variation of Relative Errors of State Variables and 
Controls against Step Size.

testing and awareness programmes for diabetes without 
complications. We observed that under control strategies, 
the population sizes of patients with pre-diabetes, diabetes 
without complications, and diabetes with complications 
decreased by 44%, 78%, and 76% respectively, after the 
end of 50 years. Therefore, the numerical simulation of the 
obtained results showed the effectiveness of the proposed 
control strategies. Since diabetes is a worldwide problem 
with different rates of incidence, prevalence, mortality, 
and morbidity, the current mathematical models can 
be further improved for various contexts based on the 
values of the parameters and other appropriate control 
strategies.
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Abstract: Pasta made from wheat flour is a convenience food 
globally. This study investigates the use of composite flour to 
reduce wheat flour consumption in Sri Lanka and develops 
a blend of locally available ingredients, viz., sweet potato 
(Ipomoea batatas) accession ‘Carrot Bathala’, soy (Glycine 
max), and rice (Oryza sativa), using a Taguchi orthogonal 
experimental design. Four samples (T2, T3, T4, and T8) were 
selected for final evaluation through preliminary sensory 
evaluation. The ratios of the three ingredients for samples 
T2, T3, T4, and T8 were 50:30:20, 41.6:33.3:25, 60:20:20 and 
63.6:27.2:9, respectively. A pasta made from 100% wheat flour 
served as a control. The sensory evaluation was performed by 
30 untrained panellists utilizing a 9-point hedonic scale and the 
results were analysed using a one-way Friedman test with a 
confidence interval of 95%. All treatments scored significantly 
higher in sensory properties than the control, with T2 achieving 
the highest scores for appearance, taste, hardness, and overall 
acceptability. From nutritional perspective, T2 contained 
significantly more fat (2.19%), fibre (2.54%), energy (510.3 
kcal/100 g), ash (3.35%), and protein (14.57%) compared to the 
control. However, moisture (10.90%), carbohydrate (74.31%), 
and acid-insoluble ash (0.05%) were significantly higher in the 
control. T2 had the lowest cooking time and water absorption 
(91.35%) but higher cooking loss (11.25%). The highest values 
of hardness, chewiness, and gumminess can be observed in 
pasta made from composite flour. The composite flour pasta met 
SLS420:2019 standards, suggesting its potential as a gluten-
free alternative that could be commercialized in Sri Lanka.

Keywords: Composite flour, pasta, rice, soy, sweet potato.

Introduction

‘Pasta’ is an Italian word meaning ‘dough’ and the 
production and consumption of pasta have historically 
been predominant in Italy. Because it is more convenient, 
palatable, and has a longer shelf life than other bakery 
products like bread, pasta is consumed widely over 
the world. Semolina made out of wheat is the main 
ingredient in making pasta (Nilusha et al., 2019). 
However, the preparation of pasta using composite flour 
with or without adding wheat flour has high potential 
in developing countries like Sri Lanka due to the non-
availability of the wheat crops.

	 Rice is a staple food for the Sri Lankan community, 
providing a typical Sri Lankan with 45 percent of his 
daily calorie intake and 40 percent of his total protein 
needs. In addition, rice is rich in carbohydrates and fibres, 
has a low calorie, fat and cholesterol content and is also 
a gluten-free foodstuff (More et al., 2013). The quality 
of products made from rice is strongly influenced by the 
content of amylose and amylopectin (Fari et al., 2011).

	 Rice is the principal cereal grown for direct human 
consumption as a single grain. It is also consumed in the 
form of noodles, rice cakes, breakfast cereals, fermented 
sweet rice and as a snack food prepared by extrusion. 
The rice is also used to make beer, wine and mulled wine 
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(Bor, 1999). Rice flour produced by grinding whole rice 
grains or broken rice has resulted in a significant increase 
in the variety of products based on rice such as gluten-
free bread, rice cakes, rice noodles, and baby food (Ronie 
& Hasmadi, 2022).

	 Soybean (Glycine max) belongs to the legume family. 
Dry soybean contains 40% protein, 20% oil, 35% both 
soluble (sucrose, raffinose, stachyose, etc.) and insoluble 
(dietary fibre) carbohydrates, and 5% ash. The moisture 
content of fresh soybeans is roughly 14%. Soy protein 
products are easily digestible by humans. Human 
digestion of soy protein ranges from 92% to 100%. 
The structure and amino acid composition of protein in 
soybean significantly impact the performance of soybean 
in product development, such as proper binding of water 
and fat emulsification and foaming (Jooyandeh, 2011). 
Traditionally, soybean was used mainly as fermented 
(e.g., sauce, miso, natto) and non-fermented (e.g., oil, 
milk, tofu, flour) food products. With the discovery of 
its structural and functional characteristics, soybeans are 
now used as a raw material in the form of whole beans or 
partially or fully defatted cakes or meal for the production 
of various soy-based food products. Soybean flour can 
also be made from partially or fully de-fatted beans (cake 
or meal) and used in the production of bakery products, 
soybean protein isolates and concentrates, extruded and 
processed foods, etc. (Nawab, 2010).

	 The sweet potato (Ipomoea batatas) is a tuberous-
rooted perennial plant belonging to the Convolvulaceae 
family (Senanayake et al., 2013). Sweet potatoes are the 
fifth and seventh most significant food crops produced in 
the world and in developing nations, respectively (Parle 
& Monika, 2015). Compared with other root tuber crops, 
the sweet potato has the following positive attributes: 
wide production geography, adaptability to marginal 
conditions, short production cycle, high nutritional 
value, and sensory versatility in terms of flesh colours, 
taste, and texture. Besides, sweet potatoes are declared 
as first rank (superfood) in nutrition among vegetables 
due to their high nutritional value and numerous health 
benefits including anti-cancer, anti-diabetic, etc. (Islam, 
2024). Furthermore, sweet potatoes contain magnesium, 
a crucial mineral, which promotes relaxation, calmness, 
and nerve health (Parle & Monika, 2015). Sweet 
potatoes contains β-anthocyanins, phenolics, dietary 
fibre, ascorbic acid, folic acid, and minerals (Bovell-
Benjamin, 2007). Orange flesh sweet potato is especially 
high in  β-carotene (i.e., precursor to vitamin A) which 
will help to promote the consumption of sweet potatoes 

among children and pregnant women in Sri Lanka. 
Furthermore, it contains several antioxidants which may 
reduce the risks of cancers, and is useful for balancing 
blood pressure and improving the digestion of consumers 
(Chintha, 2020). Sweet potatoes are broadly grown as a 
staple food in many developing countries. In Sri Lanka, 
sweet potato is a traditional crop grown mainly in the 
wet and intermediate zones and about 35,000 tonnes are 
produced annually (Department of Census and Statistics, 
2019). Sweet potatoes are traditionally consumed after 
boiling or cooking and it is processed in various ways for 
different uses including cleaning and sorting, cutting or 
slicing, cooking or boiling, mashing or pureeing, drying, 
freezing, canning or preserving, roasting or frying, 
baking, fermentation, and industrial processing (Islam, 
2024). The sweet potato flour can be produced after the 
tubers have been cleaned, peeled, cut, dried and ground 
into a fine powder which can be stored for a longer period 
and used in various food products including bakery 
products, cakes, biscuits, breakfast foods, noodles, pasta, 
sauces, and fermented drinks (Dereje et al., 2020). Sweet 
potato starch is used in traditional noodles, vermicelli, 
as a thickener or as a sugar syrup, which is used in many 
processed food products. Sweet potato starch and sugar 
are also used to produce fuel alcohol, monosodium 
glutamate, microbial enzymes, citric acid, lactic acid and 
other chemicals (Truong et al., 2018). 

	 Sweet potato has been produced and consumed by 
Sri Lankan for ages now, and has a wide export potential 
(EDB, 2021).  Today, most people are in the habit of 
consuming fast food products because of their busy 
lifestyles. Hence, sweet potato consumption is declining 
gradually compared with past years. Therefore, there 
is a better opportunity to develop a convenient food by 
using sweet potatoes, to promote the sweet potato among 
people, especially children. Pasta products have not been 
developed so far in Sri Lanka using these ingredients, 
according to the available literature.

	 In Sri Lanka, wheat flour is one of the most consumable 
ingredients for making different food especially, bread, 
roti, noodles, etc. However, due to its high price, 
consumers are unable to purchase them. Therefore, 
subsidiary foods must be developed as replacements for 
products made out of wheat flour. Pasta from composite 
flour can be taken as a subsidiary for the main meal. 
The objective of this study was to develop pasta with a 
composite flour mixture of high nutritional value made 
from locally available flour types like rice, soy and sweet 
potato.
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Materials and Methods

Material collection

Mature tubers of orange flesh sweet potato commonly 
known as ‘Carrot Bathala’ were collected from the 
Kubaloluwa farm in Gampola, Sri Lanka. The other 
ingredients, soybean and raw white rice were collected 
from the supermarket. Preparation of raw materials 
and identification of their physicochemical properties 
(physical properties and proximate analysis) were done 
in the Biosystems Technology laboratory, Faculty of 
Technology, South Eastern University of Sri Lanka. The 
pasta preparation and sensory evaluation studies were 
done in the Biosystems Technology Laboratory, Faculty 
of Technology, University of Sri Jayewardenepura, 
Sri Lanka. 

Preparation of sweet potato 

The sweet potato tubers were rinsed with potable water, 
peeled by hand, and trimmed using a knife to remove 
any undesirable portions. Then, the tubers were cut into 
small pieces using a knife (Senanayake et al., 2014).  
Thereafter the pieces were blanched for 5 min using a 
steamer (Julianti et al., 2019). After that, the sweet potato 
pieces were dried in a forced air drier (Model No: BOV-
V230F, China) at 65 °C until the moisture content was 
reduced up to 12%.

Preparation of soy 

Soy flour preparation was done according to the method 
of Bolarinwa & Oyesiji (2021). First, the soybeans were 
cleaned properly to remove impurities such as stones and 
then washed with portable water. Thereafter, the soybeans 
were dried under sunlight until a moisture content up to 
12% was reached. Then, the soybeans were dehulled.

Preparation of rice 

First, raw white rice was cleaned thoroughly to remove 
unwanted particles such as stones and sticks. Then the 
rice was washed with portable water. Then, the rice was 
dried under sunlight until a moisture content up to 12% 
was reached.

Preparation of flour

Dried sweet potato slices, dehulled soybeans, and dried 
rice were ground with the grain grinder (Model No: 
GRT-1500B, China) and sieved using a 180 μm sieve to 
obtain uniform-size flour. Finally, the flour was placed in 
a clean airtight container.

Formulation of composite flour

The sweet potato flour was kept as the main ingredient 
and rice flour and soy flour were incorporated for the 
preparation of composite flour. Composite flour treatments 
were developed according to the Taguchi experimental 
design (Mayasti et al., 2019). The sweet potato, soy, and 
rice were composite in the ratio of T1 62.5:25:12.5, T2 
50:30:20, T3 41.6:33.3:25, T4 60:20:20, T5 50:25:25, 
T6 54.5:36.6:9, T7 58.3:16.6:25, T8  63.6:27.2:9, and T9 
53.8:30.7:15.3. 

Pasta preparation

Pasta for all nine treatments was made using the electric 
pasta-making machine (Model No: Hamilton Beach 
86650, China). Then pasta was dried in the forced air 
drier (Model No: BOV-V230F, China) at 50 ºC for 12 h. 
Finally, the samples were sealed and packaged separately 
using air-tight polypropylene pouches (300 gauge) and 
stored in a tightly sealed storage cupboard for further 
analysis. Samples were prepared while maintaining strict 
hygiene of equipment, utensils, and personnel to prevent 
any possible microbial contamination.

Preliminary assessment 

A preliminary sensory evaluation was done for all the 
treatments to choose the most preferable treatments. Four 
samples were selected based on the preliminary sensory 
evaluation (T2, T3, T4, T8). A control pasta sample was 
prepared using wheat flour and used with the selected 
treatment for further studies. 

Proximate analysis

Proximate analysis for moisture, total fat, ash, acid 
insoluble ash, crude protein, crude fibre, carbohydrates, 
and calories were calculated and expressed on a dry 
matter basis for the fresh sweet potato and pasta samples, 
according to the AOAC (2005) and SLS 420 (2019) 
standard methods. All the tests were performed in three 
replicates of each treatment.

Determination of moisture content (%)

The moisture content of fresh sweet potato tubers and 
pasta was determined by using the oven drying method 
according to SLS 420 (2019).  Five grams of the prepared 
sample were measured into the previously weighed 
and dried dish. Then the dish was placed in a drying 
oven (Model No: 30-1060) at 105 ±2 ºC for 5 h. After 
5 h the dish was cooled in a desiccator and the weight 
was measured. Again, the sample was put in the drying 
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oven at 105 ±2 oC for 30 min. Then again sample was 
cooled and weighed. The process was continued until the 
weight remained constant. Finally, moisture content was 
measured using the following equation.

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

	 …(01)

m0= weight of empty dish (g)
m1 = weight of the dish + sample before drying (g)
m2 = weight of the dish + sample after drying (g)

Determination of total ash content (%)

The total ash content was determined by using a muffle 
furnace (Model No: MF1400-30) according to the method 
prescribed in SLS 420 (2019). Five grams of the prepared 
sample were measured into the previously weighed and 
dried crucible. Then the sample was placed in a muffle 
furnace. The temperature was set to 600 ±2 oC for 5 h, 
until grey ash was obtained. Thereafter the sample was 
cooled inside the desiccator and its weight measured. 
Again, the sample was placed in a muffle furnace for 
30 min. The sample was then cooled and weighed again. 
The process was continued until constant weight was 
obtained. Finally, the total ash content was measured 
using the following equation.

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

	 ...(02)

m0= weight of the empty crucible (g)

m2 = weight of the crucible with dried sample (g)

m3 = weight of the crucible with ash (g)

Acid insoluble ash (%)

Acid-insoluble ash determination was done according to 
SLS 420 (2019). Dilute hydrochloric acid (25 mL of a 
solution of 12.5 mL conc. HCl topped up to 1000 mL 
with distilled water) was added into the ash-contained 
dish (beaker). Previously tested ash samples were used 
for this test. Then the beaker was covered with a watch 
glass and placed in the water bath at 95 ±2 oC for 10 min. 
Thereafter dish was allowed to cool. The content was 
filtered through the Whatman ashless filter paper No. 42 
and the filter paper was thoroughly washed with water 
until the washings are free from acid. After that filter 
paper with residue was placed in the drying oven (Model: 
30-1060) and the temperature was set to 105 ±2 oC for 
3 h. After that the dried sample was placed in a muffle 

furnace (Model: MF1400-30) at 600 ± 2 oC for 1 h. 
Thereafter the sample was cooled inside the desiccator 
and the weight was measured. Again, the sample was 
placed in the muffle furnace for 30 min, and once more 
cooled and weighed. The process was continued until 
constant weight was obtained. Finally, the total acid 
insoluble ash content was measured using the following 
equation.

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

		  ...(03)

Where,
m0	 =	 weight of empty dish (g)
m2 =	 weight of dish with the dried sample taken for the 

determination of total ash
m4 =	 weight of dish with acid insoluble ash

Crude protein (%)

Triplicate samples of 2 g were placed into a Kjeldahl 
flask with the catalyst mixture. Distilled water (10 
mL) and concentrated sulphuric acid (20 mL) were 
sequentially added. The mixture was digested at 400 °C 
for 4 h until it became colourless. The digested solution 
was allowed to cool, decanted into a volumetric flask, 
and distilled water was added. An aliquot of 10 mL was 
pipetted into a Kjeldahl distillation flask and 90 mL of 
distilled water were added to make up the volume up to 
100 mL. Afterward, 20 mL of 40% sodium hydroxide 
were also added to the mixture, which was distilled into a 
solution containing 10 mL of 4% boric acid. Three drops 
of mixed indicators were added to the distillate solution. 
The distillate, which was light blue in colour, was titrated 
against 0.1 N hydrochloric acid until the colour changed 
to pale pink. A blank was also prepared by the same 
procedure to ensure the accuracy (SLS 420, 2019). 

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

	 ...(04)

Where,
N = Concentration of acid
V  = Volume of acid
M = Molecular Weight of nitrogen (14.007)
Ws = Sample weight
6.25 = Conversion Factor

Fat content (%)

The fat content was determined using Auto-Soxhlet Fat 
Extractor (Model: FAT-06A) according to the AOAC 
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2003.05 (AOAC, 2005). For this, an accurate weight (5 g) 
of the dried sample was taken and put in an extraction 
thimble and extracted using petroleum ether in Auto-
Soxhlet Fat Extractor (Model: FAT-06A) for 6 h. The 
solvent was evaporated after extraction and the residue 
dried and weighed in order to determine the percentage 
composition of crude fat with reference to the initial 
weight of sample.

Total carbohydrate content (%)

Total carbohydrates were calculated as the difference 
between 100 and the sum of the moisture, crude protein, 
fat (lipid), and ash content (Grizotto & Aguirre, 2011).

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

	

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

		  ...(05)

Crude fibre content (%) 

The crude fibre content was determined according to 
AOAC 978.10 method. Approximately 5 g of dried 
sample was taken and boiled with 200 mL of 0.2 N 
sulfuric acid for 30 min. The boiled sample was filtered 
to drain the acid solution, and residue was washed with 
hot water to remove the acid residue completely. Further, 
the residue was boiled with 200 mL of 0.2 N sodium 
hydroxide. Then, the sample was filtered to drain the 
sodium hydroxide and washed with hot water to remove 
sodium hydroxide residue completely. The filtrate was 
collected into a crucible and placed it in an oven (TLPPL 
131, India) at 105 °C for 2 h. After that the crucible was 
placed in a desiccator for 20 min and weighed. Then after, 
it was placed inside the muffle furnace (MF 1400 –30, 
India) at 550 °C for 2 h. Finally, the sample was placed in 
a desiccator for 20 min and the ash was weighed (AOAC, 
2005). 

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

                 

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 
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weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW
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5
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Calorie content (kcal/100 g)

Calorie content was determined using a Bomb Calorimeter 
(IKA C 6000) according to the method of Hopper et al., 
(2023). 

Cooking characteristics

Cooking time (min)

The optimum cooking time was determined according to 
the method elaborated by Giménez et al. (2013). First, 
25 g of dried pasta was boiled in 250 mL of distilled 
water. A small portion (3 to 4 strands) of the pasta was 
removed from the boiling water at 30-second intervals 
and squeezed between two glass slides. The cooking 
time of pasta was considered as the time when the white 
centre core disappeared.

Water absorption capacity (WAC) (%) 

The water absorption capacity was determined according 
to the method of Giménez et al. (2013) with slight 
modifications. Initially, 25 g dried pasta samples were 
weighed and cooked in 250 mL boiling water for the 
determined cooking time. Then the cooked samples were 
drained for 5 min and the cooked pasta was immediately 
weighed. Water absorption capacity was expressed as the 
weight difference before and after cooking pasta. The 
calculation was done using the following equation.

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

	 ...(07)

Where,
 

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

 = cooked pasta weight

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 

 = dried pasta weight

Solid in gruel (%)

Solid in gruel determination was done according to SLS 
420 (2019). Initially, 25 g dried pasta samples were 
weighed and cooked in 250 mL boiling water until the 
cooking time was reached. Then the water was collected 
by draining cooked pasta and the volume of drained 
water was noted (V). Then 20 mL of the drained water 
was transferred to an evaporating dish and dried in a 
drying oven (Model: 30-1060) at 105 ±2 °C for 2 h. Then 
the dish was cooled in a desiccator and the weight was 
measured. Again, the sample was kept in the drying oven 
at 105 ±2 oC for 30 min, then cooled and weighed as 
before. The process was repeated until a constant weight 
was obtained. Finally, the solid in the gruel was measured 
using the following equation.

Moisture content (%) =
(m� − m�)
(m� − m�)

× 100 

 

 

 Total ash content(%) = (�����)
(�����)

× 100 

 

 

Acid insoluble ash content (%) =
(m� − m�)
(m� − m�)

× 100 

 

Crude protein (%)=
V × N × M
Ws × 10

× 6.25 

 

Carbohydrate content(%) = [100 − (moisture + protein + lipid + ash)] 

 

Fibre =
weight of the crucible with fibre − weight of the crucible with ash

weight of the original sample
× 100 

 

WAC (%) =
CPW − DPW

DPW
× 100 

 

Total solid in gruel =
(m� − m�)

5
 × V 	 ...(08)
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Where,
m0 = Empty dish weight,
m1 = Dish with total solids present in 20 mL of gruel
V = Volume in mL

Textural properties

Hardness, adhesiveness, resilience, stringiness, 
cohesiveness, springiness, gumminess and chewiness 
were determined using the CT3 Texture analyzer (Model 
No: MO8-372-GO318). Each sample were tested three 
times using a TA-PFS-C probe.

Sensory evaluation

The Organoleptic properties (appearance, taste, hardness, 
stickiness, and overall acceptability) of cooked pasta 
were evaluation by an untrained panel of thirty people: 
seventeen women and thirteen men, ages 20 to 55, 
frequent consumers of pasta and flour-based food, and 
with some experience of sensory evaluation. All panellists 
who performed the sensory evaluation ate breakfast 4 h 
prior. Panellists rinsed their mouths with bottled water 
between each sample testing. A nine-point hedonic scale, 
where 1 denotes a strong dislike and 9 denotes a strong 
liking, was used to assess each of the five attributes. The 
sensory evaluation was performed in an dedicated areas 
of Food Technology laboratory with adequate lighting 
and natural ventilation (Attanzio et al., 2019; Olivera & 
Salvadori, 2011).

Statistical analysis 

All the descriptive analysis (table, graph) was done using 
Microsoft Excel 2013. Also, all the inferential analyses 
were done using the SPSS software  version 26. One-way 
ANOVA and Tukey’s Post Hoc test at the 0.05 significance 
level were used for analyzing the proximate and physico-
chemical tests. In addition, the one-way Friedman test at 
a 0.05 significance level was used for analyzing sensory 
data.

Results and Discussion

Proximate composition of sweet potato 

There were no literature reports on the nutrient content of 
the sweet potato cultivar Carrot Bathala as it has not been 
officially released by the Horticultural Crop Research 
and Development Institute (HORDI) in Sri Lanka. The 
proximate composition of the Carrot Bathala variety on a 
dry basis is given in Table 1.

Nutrient Content 

Moisture content (sweet potato tuber) 75.9 %

Moisture content- flour (dry basis) 7.58%

Total Ash content (dry basis) 2.64 %

The acid-insoluble ash (dry basis) 0.01 %

Total fat content (dry basis) 0.33 %

Crude protein (dry basis) 4.2 %

Carbohydrate (dry basis) 85.25 %

Crude fibre (dry basis) 7.96 %

Energy (dry basis) 465.9 kcal/100 g

Table 1:	 Proximate composition of Carrot Bathala

Proximate composition of pasta samples

Moisture content  

According to SLS 420 (2019) the maximum acceptable 
moisture content is 12%, and the moisture content of all 
treatments were less than 12%. There were no significant 
differences between treatments (i.e., pasta made from 
composite flour). However, the moisture content of 
wheat pasta (control) had significantly (p < 0.05) high 
moisture content (10.9%). Considering the results 
of moisture content, the moisture content gradually 
decreased with the increase of soy flour (Table 2). The 
studies by Farzana & Mohajan  (2015), Aremu et al., 
(2006) and Bolarinwa & Oyesiji (2021)  also confirmed 
that the moisture content of pasta decreases with the 
increase of soy flour. Compared to wheat flour, soy flour 
has a higher percentage of the total dry matter  and better 
emulsifying characteristics (Banureka & Mahendran, 
2011).  Aremu et al. (2006) reported that soybean flour 
may form a complex with water, resulting in a reduced 
free water availability for analysis.

Protein content

SLS 420 (2019) states that pasta must have a minimum 
crude protein content of 9%. All the treatments had 
protein contents greater than 9% and the results were 
significantly different among the treatments. The highest 
value for protein  was reported at  18.65%  in treatment 
T3 (SWP 41.6, Soy 33.3, Rice 25) and the lowest value 
reported in the control sample (11.55%) (Table 2). 
Farzana & Mohajan (2015) reported that soybean is 
a high protein legume and an excellent substitute for 
cereal proteins with lysine restriction, and therefore 
the incorporation of soy flour increases the significant 
protein content of the biscuits. The use of soy flour as an 
economical protein supplement in biscuits, bread, pasta 
and other cereal products is therefore justified.
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Treatment Flour 
formulation 

(%)

Moisture 
content (%)

Crude protein 
(%)

Fat (%) Crude fibre 
(%)

Carbohydrate 
(%)

Ash (%) Acid insoluble 
ash (%)

Energy 
(kcal/100 g)

Control 100
wheat

10.90 ± 0.08a 11.55 ± 0.07e 1.32 ± 0.29b 0.42 ± 0.20b 74.31 ± 0.33a 1.91 ± 0.05c 0.05 ± 0.02a 468.53 ± 1.51c

T2 SWP -50
Soy - 30
Rice -20

8.12 ± 0.06b 14.57 ± 0.05c 2.19 ± 0.37a 2.54 ± 0.17a 71.75 ± 0.42b 3.35 ± 0.03ab 0.01 ± 0b 510.30 ± 2.55a

T3 SWP- 41.6
Soy -33.3
Rice -25

8.03 ± 0.05b 18.65 ± 0.14a 2.31 ± 0.27a 2.39 ± 0.30a 67.62 ± 0.28c 3.38 ± 0.03a 0.02 ± 0.01ab 491.30 ± 1.10b

T4 SWP-60
Soy-20

Rice- 20

8.1 ± 0.04b 12.67 ± 0.13d 1.96 ± 0.02ab 2.32 ± 0.05a 74.0 ± 0.13a 3.26 ± 0.02b 0.01 ± 0.01b 490.13 ± 2.94b

T8 SWP– 63.6
Soy-27.2
Rice-9

8.10 ± 0.03b 15.59 ± 0.12b 1.99 ± 0.01a 2.69 ± 0.04a 71.11 ± 0.04b 3.31 ± 0.06ab 0.01 ± 0.01b 469.6 ± 2.49c

Mean ± standard deviation a,b,c,d,e superscript significantly different at p = 0.05 column wise 

Table 2:	 Proximate composition of pasta samples

Fat content 

There is a significant difference in fat values between the 
control and the other treatments except T4 (SWP 60, soy 
20, rice 20). However, there is no significant difference 
between the treatments for composite flour pasta. 
Considering the results for  fat content, higher values were  
confirmed for the composite flour mixtures containing 
more soy flour. Oluwamukomi et al. (2011) state that the 
addition of 10% soy flour showed a significant increase 
in fat content of the product concerned. Soybean is one 
of the protein-rich oil seeds, high in polyunsaturated fats, 
and containing two essential fatty acids, namely, linoleic 
acid and α-linolenic acid.  Soy flour has a significantly  
higher fat content  than wheat flour (Banureka & 
Mahendran, 2011).

Fibre content

The results of this study showed a significant difference 
between controls and other treatments and there was 
no significant difference between the treatments. The 
highest and lowest values were recorded in T8 and control, 
respectively by 2.69 and 0.42 percent respectively. 
Progressive increase of fibre content was observed by 
increasing the proportion of sweet potato flour in the 
composite flour mixture. The findings of this study were 

consistent with the findings of Baah et al., (2022). Sweet 
potato is a low glycaemic food and a high source of 
dietary fibre (17%) reported by Krishnan et al. (2012).

Carbohydrate content 

In line with the outcomes of this study, there was no 
significant difference between the control and the 
treatment T4. The treatments T2 and T8 are nearly 
the same. However, there is a significant difference 
between treatment T3 and other treatments. The lowest 
carbohydrate and the highest protein values were in 
T3, while the highest carbohydrate content was shown 
in the control, together with the lowest protein content 
(Table 2). Increases in soy flour has resulted  in the 
reduction of the carbohydrate content of the  composite 
flour blends, aligning  with the finding of Bolarinwa 
& Oyesiji (2021). Omeire et al. (2014) also reported a 
decrease in the carbohydrate content of noodles from a 
mixture of wheat, achi, and soya flour, with a rise in the 
percentage of soya flour in the mixture.

Ash content 

SLS 420 (2019) states that the maximum amount of ash 
in wheat flour is 1%, however, if pasta is made with 
composite flours and mineral-fortified products, the total 
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amount of ash on a dry basis cannot be more than 4%. 
In this case, wheat pasta (control) was not within the 
limit, and the ash content of composite flour products, 
did not exceed the standard limit (Table 2). The ash 
content of all the treatments was significantly higher 
than that of the control treatment. There was also a 
significant difference between T3 (SWP 41.6, Soy 33.3, 
Rice 25) and T4 (SWP 60, Soy 20, Rice 20) but no 
significant difference between the other treatments (T2 
and T8). The ash content of all samples of sweet potato 
flour  was significantly high than that of  wheat flour, 
due to the  high mineral content of the root and tubers 
(Yadav et al., 2014).

Acid-insoluble ash

The acid-insoluble ash content of the treatments was 
below the limit as per SLS 420 (2019). However, there is 
a significant difference between the control treatment and 
other treatments except for T3 (Table 2). Other treatments 
showed no significant differences among them. It was 
reported that the acid-insoluble ash content  is likely to 
be higher because of  the possibility of  chipping and 
percolating of the fine stone particles into the atta (whole 
wheat) during the grinding process (Inamdar et al., 
2015). 

Mean ± standard deviation a,b  superscript significantly different at p = 0.05 column wise

Treatment Flour Formulation 
(%)

Cooking time
(Min)

Water absorption capacity 
(%)

Solid in gruel 
(%)

Control
100

wheat
13.1 ± 0.2a 113.87 ± 3.70a 8.50 ± 0.19b

T2 SWP -50
Soy - 30
Rice -20

7.1 ± 0.2b 91.35 ± 2.89b 11.25 ± 0.18a

T3 SWP- 41.6
Soy -33.3
Rice -25

7.0± 0b 93.10 ± 1.67b 11.12 ± 0.04a

T4 SWP-60
Soy-20

Rice- 20

7.0 ± 0b 92.62 ± 2.75b 11.10 ± 0.06a

T8 SWP– 63.6
Soy-27.2
Rice-9

7.1 ±  0.2b 94.20 ± 3.02b 11.20 ± 0.11a

Table 3:	 Cooking characteristics of pasta samples

Cooking time 

The cooking time of the control sample was significantly 
(p < 0.05) longer (13 min) than that of the composite 
flour pasta (7 min) as detailed in Table 3, possibly 
because the dietary fibre constituent in orange-fleshed 
sweet potato flour tends to disrupt the physical structure 
of the pasta, reducing the cooking time and limiting its 
ability to expand compared to commercial pasta (Wang 
et al., 2019).

Cooking behaviours of cooked pasta

Water absorption capacity 

Significantly higher water absorption capacity (p < 0.05) 
was indicated in control sample (113) than in composite 
flour pasta (Table 3). Petitot et al. (2010) reported durum 
wheat proteins are mainly composed of glutenin and 
gliadins that form intra and intermolecular disulphide 
bonds during processing. This leads to the development 
of a three-dimensional gluten network responsible for 
the unique textural properties of pasta. 



Development of pasta from sweet potato, soy and rice	 241

Journal of the National Science Foundation of Sri Lanka 53(3)	 September 2025

Solid in gruel content 

Based on the results, the solid in gruel content increased 
significantly (p < 0.05) in composite pasta treatments 
than in the control sample. According to the finding of 
Rayas-Duarte et al. (1996) the non-gluten components 
diluted the strength of the gluten and lead to a weakened 

structure of spaghetti. Hence, the leaching of more solid 
substances from the spaghetti into boiling water increased 
the solid gruel content. Furthermore, pasta samples 
composited with orange flesh sweet potato flour may 
have a higher  cooking loss due to  the fibre content of the  
orange flesh sweet potato flour (Baah et al., 2022; Foschia 
et al., 2015).

Treatment Flour 
formulation 

(%)

Hardness (g) Adhesiveness 
(mJ)

Resilience Cohesiveness Springiness
(mm)

Gumminess 
(g)

Chewiness 
(mJ)

Control
100

wheat
114.16 ± 
23.62b 0 ± 0a 0.49 ± 

0.04ab 1.06 ± 0.19 a 2.35 ± 0.25 a 117.00 ± 
26.28b

2.73 ± 
0.83b

T2

SWP -50
Soy - 30
Rice -20

327.5 ± 
50.18a 0 ± 0a 0.41 ±0.03b 0.94 ± 0.10 a 2.27 ± 0.14 a 243.30 ± 

15.04a

6.96 ± 
2.05 ab

T3

SWP- 41.6
Soy -33.3
Rice -25

328.33 ± 
62.26a 0.17 ± 0.29a 0.58 ± 0.02a 0.92 ± 0.22 a 2.67 ± 0.54 a 311.00 ± 

73.08a

12.10 ± 
7.21a

T4

SWP-60
Soy-20

Rice- 20

256.66 ± 
12.33a 0 ± 0a  0.46 ± 0.05ab 0.96 ± 0.12 a 2.47 ± 0.66 a 226.66 ± 

42.19a

4.46 ± 
1.22 ab

T8

SWP– 63.6
Soy-27.2
Rice-9

245.83 ± 
62.06a 0 ± 0a  0.40 ± 0.08b 0.95 ± 0.02 a 2.40 ± 0.45 a 205.66 ± 

13.20 ab

4.20 ± 
0.20 ab

Table 4:	 Textural characters of cooked pasta

Mean ± standard deviation a,b  superscript significantly different at p = 0.05 in column wise

Textural characters of pasta

Textural characteristics of the composite flour pasta 
and control sample are given in Table 4. Based on the 
results, there is no significant difference in adhesiveness, 
cohesiveness, or springiness between the treatment 
and control. However, the hardness of cooked pasta 
significantly differed from the control treatment. The 
highest value of hardness was found in the T3 sample 
(328.33 g). According to the study of Jiao et al. 
(2020), the hardness of rice flour was influenced by its 
amylose content and retrogradation rate . Furthermore, 
Kraithong & Rawdkuen (2021) explored how high 
amylose and protein contents  promote  higher values 
of hardness, cohesiveness, springiness, and chewiness. 
Except for treatment T8 the gumminess of cooked 

pasta significantly differed from the control treatment. 
The results showed that gumminess and chewiness of 
composite pasta decreased with increasing sweet potato 
flour content. Santiago et al. (2016) revealed that the 
hardness, gumminess and chewiness of the purple sweet 
potato flour pasta was significantly lower  than that of the 
control (wheat pasta). Also, a higher value of chewiness 
was recorded in the T3 sample with value of 12.1 mJ. The 
studies by Xiao et al. (2022) and Fari et al. (2011) reported  
that the amount of grain amylose content is an important 
factor in determining the quality of rice noodles, and 
higher hardness and chewiness of cooked rice noodles 
was generally associated with higher amylose content in 
the rice grain.
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Sensory evaluation

Treatment Formulation Appearance Taste Hardness Stickiness
Overall 

acceptability

Control
100

wheat
6.46 ± 1.67ab 5.40 ± 1.83b 6.03 ± 1.80ab 5.57 ± 2.04b 5.67 ± 1.80b

T2

SWP -50
Soy - 30
Rice -20

7.13  ± 1.07a 7.36 ± 1.18a 7.07 ± 0.98a 6.83 ± 1.08a 7.47 ± 1.10a

T3

SWP- 41.6
Soy -33.3
Rice -25

5.53± 1.79b 6.20 ± 1.73b 6.10 ± 1.39b 5.93 ± 1.31b 6.23 ± 1.54b

T4

SWP-60
Soy-20

Rice- 20
7.13 ± 1.19a 6.43 ± 1.92b 6.47 ± 1.45ab 6.30 ± 1.66ab 6.57 ± 1.40b

T8

SWP– 63.6
Soy-27.2
Rice-9

6.60 ±1.30a 6.10 ± 1.42b 6.20 ± 1.47ab 6.27 ±1 .11ab 5.93 ± 1.36b

Table 5:	 Sensory evaluation of pasta samples

Mean ± standard deviation a,b  superscript significantly different at p = 0.05 column wise 

Figure 1:	 Spider diagram for sensory evaluation of pasta samples
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Figure 1: Spider diagram for sensory evaluation of pasta samples 

 

The sensory results showed that the treatment T2 and T4 had the greatest appearance gains (Figure 

1). Additionally, T3 had the lowest appearance. According to the taste results, treatment T2 was 

preferred by the majority of panellists, while control showed the least amount of preference. Most 

panellists were interested in treatment T2 when comparing the results of hardness and had the most 

appropriate hardness of pasta according to the participant's preferences. For the stickiness, most 

participants preferred treatment T2 with least preference for the control. Considering all the 

attributes, the highest value for overall acceptability was obtained for Treatment T2. The least 

acceptability was obtained in the control sample. Overall, most of the panellists preferred the 

Treatment T2 composite flour blend (sweet potato 50, soy 30, rice 20) with the control (wheat only) 

gaining least preference (Table 5). 

 

Conclusion 

A process flow and quality assessment of  pasta made from a composite flour of sweet potato, soy, 

and rice were developed. The formulation T2 (sweet potato 50%, soy 30%, and rice 20%) has been 

shown to have better results in all sensory characteristics, nutritional composition and acceptable 

textural properties. However, the control sample obtained the best results in terms of cooking 

behaviour. Low cooking behaviour was observed in all composite flour pasta treatments compared 

to wheat pasta with the cooking time of 7 min, water absorption between 91 – 94%, and solid in 

gruel (cooking loss) with 11%.  The highest levels of hardness, chewiness, and gumminess are 

observed in pasta made from composite flour. In addition, pasta made from composite flour fulfils 

The sensory results showed that the treatment T2 
and T4 had the greatest appearance gains (Figure 1). 
Additionally, T3 had the lowest appearance. According 
to the taste results, treatment T2 was preferred by the 
majority of panellists, while control showed the least 
amount of preference. Most panellists were interested 

in treatment T2 when comparing the results of hardness 
and had the most appropriate hardness of pasta according 
to the participant’s preferences. For the stickiness, most 
participants preferred treatment T2 with least preference 
for the control. Considering all the attributes, the 
highest value for overall acceptability was obtained for 
Treatment T2. The least acceptability was obtained in the 
control sample. Overall, most of the panellists preferred 
the Treatment T2 composite flour blend (sweet potato 50, 
soy 30, rice 20) with the control (wheat only) gaining 
least preference (Table 5).

Conclusion

A process flow and quality assessment of  pasta made 
from a composite flour of sweet potato, soy, and rice were 
developed. The formulation T2 (sweet potato 50%, soy 
30%, and rice 20%) has been shown to have better results 
in all sensory characteristics, nutritional composition 
and acceptable textural properties. However, the control 
sample obtained the best results in terms of cooking 
behaviour. Low cooking behaviour was observed in all 
composite flour pasta treatments compared to wheat 
pasta with the cooking time of 7 min, water absorption 
between 91 – 94%, and solid in gruel (cooking loss) with 
11%. The highest levels of hardness, chewiness, and 
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gumminess are observed in pasta made from composite 
flour. In addition, pasta made from composite flour fulfils 
the requirement of the SLS 420 (2019) pasta product 
specification except for solid in gruel. In addition, the 
pasta made from composite flour had a higher nutritional 
value and better sensory characteristics. Therefore, the T2 
(sweet potato - 50, soy - 30, rice - 20) formulation was 
selected as the best treatment. 
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Abstract: Ozone (O3) stress can cause physiological changes as 
well as changes in the growth patterns of plants. Conventional 
techniques for studying these changes in plants require 
destruction of the sample and a subsequent analysis, thus the 
plant’s responses to external stress are inferred indirectly. In this 
paper, we show that a biospeckle optical coherence tomography  
(bOCT) biospeckle imaging can be used to monitor the response 
of Chinese chives leaves to O3 stress. A Fourier-domain OCT 
operating at a wavelength of 836 nm with a depth of resolution 
of 6 µm was used. The bOCT biospeckle image was obtained 
by calculating the standard deviation of the OCT signal along 
the time axis at each point of the selected portion of the cross-
sectional image from the successively acquired OCT images. 
In the bOCT biospeckle images, the internal layer structure 
could be clearly visualized, especially the mesophyll cells with 
high contrast in comparison to the structural OCT image. In 
addition, an analysis of the average autocorrelation functions 
of the biospeckle signals revealed that the correlation length 
decreased in the mesophyll layer during O3 exposure, possibly 
indicating the increase in movements of internal structures 
within the leaf. Our results suggest that biospeckle imaging can 
be a suitable technique for fast and non-destructive monitoring 
of environmental stresses on plants, in contrast to conventional 
techniques that require a few days’ to a few weeks’ time, with 
destruction followed by subsequent analysis, thus paving the 
way for significant time saving.

Keywords: Biological activities, biospeckles, correlation 
length, biospeckle optical coherence tomography (bOCT), 
ozone, temporal characteristics.

INTRODUCTION

Surface (tropospheric) ozone (O3) is a secondary air 
pollutant, generated by a series of reactions involving 
oxides of nitrogen (NOx) and volatile organic compounds 
(VOCs) in the presence of UV radiation from sunlight 
(Darrall, 1989; Ashmore, 2005; Ainsworth, 2008; Kumar 
et al., 2021; Santiago et al., 2022; Yoshikado, 2023). Its 
disastrous effect is spreading over an enormous land area 
of world, especially in industrialized countries such as 
China, India, and even in Japan (Kobayashi et al., 1995; 
Kobayashi & Okada, 1995; Beig et al., 2007; Wang 
et al., 2007; Lee & Goto, 2022; Santiago et al., 2022; 
Wang et al., 2022; Wei et al., 2022, Yoshikado, 2023). 
The O3 contaminated environment causes a wide range 
of effects including visible leaf injury, and growth and 
yield reductions in both agricultural crops and forest trees 
(Kobayashi & Okada, 1995; Wang et al., 2007; Jiménez-
Montenegro et al., 2021; Feng et al., 2021; Holder & 
Hayes, 2022; Panebianco et al., 2022). Conventional 
techniques such as microscopic observation, and chemical 
analysis are commonly performed to monitor the effect of 
O3 on plants for their structural changes (Calatayud et al., 
2003). However, these conventional techniques cannot 
be performed non-destructively in real-time and in vivo. 
Moreover, it is important to observe the internal structure 
of a plant leaf when it is under an environmental stress. 
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Recently, a non-invasive interferometric technique, 
statistical interferometry, that is capable of measuring 
fast and accurate measurement of growth changes under 
environmental stresses such as O3 has been demonstrated 
in vivo (Rathnayake et al., 2008; Kobayashi & Kadono, 
2010; Thilakarathne et al., 2014a, 2014b; DeSilva et al., 
2017). However, this measurement is limited to a small 
area of a sample. Here we consider an optical technique 
called optical coherence tomography (OCT) that has 
the potential for making a volumetric measurement at 
high speed and at micrometer resolutions (Huang et al., 
1991; Fercher, 1996; Fujimoto, 2003; Regar et al., 2007; 
Srimal, 2015; Ge et al., 2021; Saleah et al., 2021; Saleah 
et al., 2022; Saleah et al., 2023).

	 The OCT technique is based on interferometric 
detection of a low coherent light backscattered from 
a sample and can provide non-contact two or three 
dimensional in vivo tomographic images of internal 
tissue structure. Since depth resolution of OCT is limited 
by the coherence length of the light source, a relatively 
high resolution of the order of a few micrometers can 
be achieved (Fujimoto & Drexler, 2008; Lee et al., 
2018; Zheng et al., 2021; Bouma et al., 2022). OCT 
is being widely employed for the visualization of the 
internal structure of tissues (Wijesinghe et al., 2016a; 
Ravichandran et al., 2017). Many pathological processes, 
such as dysplasia and cancer, alter the layered structure 
of healthy tissue and these changes can be detected by 
OCT (Steiner et al., 2003; Gladkova et al., 2008; Fercher, 
2010; Lee et al., 2018; Rajagopalan et al., 2020; Li et al., 
2021b). On the other hand, it is widely used in the field 
of ophthalmology (Wijesinghe et al., 2016b; Everett et 
al., 2021; Wei & Gu, 2021; Micieli et al., 2021; Drexler 
et al., 2001; Wojtkowski et al., 2002; Pircher et al., 2011; 
Srinivasan et al., 2009). Due to its high resolution, OCT 
technique for imaging plants (Hettinger et al., 2000; 
Reeves et al., 2002; Boccara et al., 2007; Srimal, 2015; 
de Wit et al., 2020; Beiu et al., 2022; Li et al., 2022) has 
been getting attention. Non-invasive visual inspection 
of plant leaf in vivo may be useful for evaluating the 
physiological state of plants under the influence of 
environmental stresses such as O3, acid mine drainage 
(Li et al., 2021a), effect of nanoparticles (De Silva et al., 
2023a), effect of heavy metals (De Silva et al., 2021), 
and the effect of micro particles of plastics (De Silva et 
al., 2022, 2023b).

	 The potential of OCT in monitoring such biological 
activities in human and animal organelles has been 
demonstrated, in the visual cortex of animal brains 
(Maheswari et al., 2002, 2003; Khateeb et al., 2022) and 
rat somatosensory cortex (Chen et al., 2009; Hope et al., 

2021) and retina (Moayed et al., 2011; Kashani et al., 
2021). We propose to monitor physiological changes in 
plants under environmental stress (O3) by OCT (Srimal 
et al., 2013, 2015; Lichtenegger et al., 2020)

	 In OCT images, speckles are considered as a noise 
and are usually temporally averaged (Szkulmowski et 
al., 2012; Silva et al., 2022). In this study, we focused on 
the temporal characteristics of speckles, as those could 
indicate the dynamic activities within the tissues, also 
called biospeckles (Asakura, 1996; Tang et al., 2021a, 
2021b; Aizu & ). When coherent laser light illuminates 
a sample under investigation, the backscattered light 
randomly interferes, and a speckle pattern is generated 
at a certain observation plane. If the investigating sample 
and the scatterers inside the sample are not moving, then 
the speckle pattern is also stationary. However, when 
the sample or the scatterers are moving as in biological 
tissues, the speckle pattern changes randomly resulting 
in biospeckles. In plants, such dynamic processes could 
be attributed to factors such as cytoplasmic streaming, 
organelle movement, cell growth and division, and 
biochemical reactions (Mogre et al., 2020; Mathur, 2020; 
Braga et al., 2009). Thus, the biospeckles can reflect 
the activities of biological tissue (Kurenda et al., 2012; 
Ansari & Nirala, 2013; Zdunek et al., 2014; Rajagopalan 
et al., 2020; Li et al., 2021a).

	 Especially, in agriculture, the analysis of seeds 
(Braga et al., 2003; Li et al., 2021a), the identification 
of  plant diseases (Ravichandran et al., 2016), leaf 
quality assessment (Wijesinghe et al., 2016a, 2017b), 
detection of germination rate (Wijesinghe et al., 2017a), 
the analysis of fungi (Braga Jr et al., 2005; Singh et 
al., 2021), monitoring of maturation and diseases in 
fruits  (Pajuelo et al., 2003; Wijesinghe et al., 2018), 
observation of root growth (Braga et al., 2009; De Silva 
et al., 2023a, 2023b), and evaluation of animal semen 
(Carvalho et al., 2009) were performed. In medicine, 
we can find applications in the study of the brain, skin 
and blood flow (Fujii et al., 1985; Li et al., 2006). A few 
reports exist on the application of OCT speckles in the 
observation of biological tissues (Mariampillai et al., 
2008, 2010; Baum et al., 2020).

	 In this study, we propose a Biospeckle Optical 
Coherence Tomography (bOCT) based on biospeckle to 
study the effect of environmental stresses on plants in 
a short period of time which is not possible with other 
conventional methods (Srimal et al., 2014; Srimal, 
2015). Here, we examined the immediate response of 
leaves of Allium tuberosom commonly known as Chinese 
chives to short-term exposure of O3, by analyzing the 
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bOCT biospeckle signals coming from various depths. 
Mesophyll cell layers, and the immediate responses are 
better visualized using the bOCT images rather traditional 
OCT images.

MATERIALS AND METHODS

Optical system

A schematic of our spectral domain OCT (SD-OCT) 
system is shown in Figure 1. The light source is a super-
luminescent diode (SLD) centred at wavelength 836.1 nm 
and having a bandwidth of 55.2 nm. A 99:1 optical fiber 

coupler was used to split the light into the sample and 
reference arms of the fiber-optic interferometer. Light 
reflected from the sample was combined with the light 
reflected from the reference mirror M1. The axial and 
lateral resolutions of the OCT system were estimated to 
be 6 μm and 22 μm, respectively. Identical lenses, L3 
and L4, were placed in the sample and reference arms 
to cancel dispersion mismatch between the two arms. 
Collimating the output beam from the optical fiber of 
the circulator using lens, L5, the spectral interference 
signal was obtained by using grating, lens L6, and line-
scan camera. We used line scan CCD camera (L104k-2k, 
BASLER, Germany) with 2048 pixels.

A schematic of our spectral domain OCT (SD-OCT) system is shown in Figure 1. The light source is 

a super-luminescent diode (SLD) centred at wavelength 836.1 nm and having a bandwidth of 55.2 

nm. A 99:1 optical fiber coupler was used to split the light into the sample and reference arms of the 

fiber-optic interferometer. Light reflected from the sample was combined with the light reflected from 

the reference mirror M1. The axial and lateral resolutions of the OCT system were estimated to be 6 

μm and 22 μm, respectively. Identical lenses, L3 and L4, were placed in the sample and reference 

arms to cancel dispersion mismatch between the two arms. Collimating the output beam from the 

optical fiber of the circulator using lens, L5, the spectral interference signal was obtained by using 

grating, lens L6, and line-scan camera. We used line scan CCD camera (L104k-2k, BASLER, 

Germany) with 2048 pixels. 
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Figure 1. (a) A sketch, and (b) Photograph of, experimental setup of spectral domain optical 

coherence tomography system. SLD: super luminescent diode, L1~L6: lenses, M1: mirror, PC: 

polarization controller, DAQ: data acquisition device, IMAQ: image grabber. 

 

A software application (using LabVIEW 2011, National Instruments, USA) was developed to realize 

the OCT system utilizing the biospeckle signals from a target area of the sample. Driving voltages for 

galvano mirrors were applied through a D/A converter of the data acquisition device (DAQ, PCIe-

1429, National Instruments, USA) to laterally scan the beam across the sample surface. The imaging 

data from the line scan camera was acquired by an image grabber (IMAQ, PCIe-6351, National 

Instruments, USA). 

 

 

Autocorrelation function of the biospeckle signal 

While the scanning mechanism was being stopped at a lateral position of interest, the spectral 

interference signals were acquired with a sampling frequency of 25,000 lines/sec for1.2 seconds. The 

acquired spectral interference signal ( t) from the camera at time, t, was first converted into the 

signal  in wave number, k, space from wavelength, λ, space as given by, 
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Figure 1:	 (a) A sketch, and (b) Photograph of, experimental setup of spectral domain optical 
coherence tomography system. SLD: super luminescent diode, L1~L6: lenses, M1: mirror, 
PC: polarization controller, DAQ: data acquisition device, IMAQ: image grabber. 
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A software application (using LabVIEW 2011, National 
Instruments, USA) was developed to realize the OCT 
system utilizing the biospeckle signals from a target area 
of the sample. Driving voltages for galvano mirrors were 
applied through a D/A converter of the data acquisition 
device (DAQ, PCIe-1429, National Instruments, USA) 
to laterally scan the beam across the sample surface. The 
imaging data from the line scan camera was acquired 
by an image grabber (IMAQ, PCIe-6351, National 
Instruments, USA).

Autocorrelation function of the biospeckle signal

While the scanning mechanism was being stopped at 
a lateral position of interest, the spectral interference 
signals were acquired with a sampling frequency of 
25,000 lines/sec for1.2 seconds. The acquired spectral 
interference signal I(λ, t) from the camera at time, t, was 
first converted into the signal I(k, t) in wave number, k, 
space from wavelength, λ, space as given by,
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obtained. They were stored in the computer memory as 
a two-dimensional data array representing the variation 
along time, and we call this as time history OCT image. 
The rows and columns of the data array represent the depth 
positions, and their intensities in a sequence of regularly 
spaced time steps of 1/25,000 seconds, respectively.

	 The biological activity of the sample could be reflected 
in the temporal characteristics of intensity changes in the 
horizontal direction, that is, along the rows. Therefore, we 
utilized the autocorrelation function and its correlation 
length to evaluate the biological activities of the tissue.

	 By repeating the data acquisition 5 times, five-time 
history OCT images were acquired over 6 seconds. Power 
spectral densities 
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of time signals express by 
equation (2) were calculated at every depth position along 
the time axis. Here, f denotes temporal frequency. To get 
a higher signal to noise ratio (SNR), five power spectral 
densities corresponding to each depth position were 
averaged across the time history OCT images. Finally, 
averaged power spectral densities 
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	 We used the software, MATLAB (MATLAB2009a, 
MathWorks, USA) for calculations of the autocorrelation 
function. The temporal variations of biospeckles were 
quantified by calculating the correlation length (CL) 
which is half width half maximum of the autocorrelation 
function. This quantity was employed as a measure for 
the biological activities of layers at different depths of 
the Chinese chives leaf under O3 stress. When the signal 
changes rapidly due to higher biological activity, the 
autocorrelation function is expected to become narrower 
and results in a decrease in CL.

Plant and ozone exposure system

Chinese chives were grown in a growth chamber (CMP 
3244, Conviron, Controlled Environmental Ltd, Canada.) 
maintaining at a relative humidity of 55% - 65% during 
6.00 A.M. to 6.00 P.M. for the day shift and 6.00 P.M. 
to 6.00 A.M. for the night shift.  Photon flux densities 
of 260 - 350 μmol m-2 s-1 and 0 μmol m-2s-1 and an air 
temperature of 25oC and 18oC were set for day and 
night shifts, respectively. The plants were kept regularly 
watered. In the experiment, healthy young leaves of 
the plants, one to two weeks old, were employed and 
mounted in a leaf O3 chamber. Three halogen lamps 
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Figure 2. Transformation of signal in wavelength (λ) space to wave 
number (k) space (rescaling). 

 

Next, the rescaled signal of  was Fourier transformed in order to obtain the depth resolved 

reflectivity profile r(d,t) of the sample along the sample beam as, 

    (2) 

where d is the depth of the sample. Finally, a total of 25000×1.2 depth resolved reflectivity profiles 

were obtained. They were stored in the computer memory as a two-dimensional data array 

representing the variation along time, and we call this as time history OCT image. The rows and 

columns of the data array represent the depth positions, and their intensities in a sequence of regularly 

spaced time steps of 1/25,000 seconds, respectively. 

The biological activity of the sample could be reflected in the temporal characteristics of intensity 

changes in the horizontal direction, that is, along the rows. Therefore, we utilized the autocorrelation 

function and its correlation length to evaluate the biological activities of the tissue. 

By repeating the data acquisition 5 times, five-time history OCT images were acquired over 6 

seconds. Power spectral densities 2( , )R d f of time signals express by Eq.(2) were calculated at 

Figure 2:	 Transformation of signal in wavelength (λ) space to wave 
number (k) space (rescaling).

Next, the rescaled signal of 

𝐼𝐼(𝜆𝜆t)  𝐼𝐼(𝑘𝑘, 𝑡𝑡)  𝐼𝐼(𝑘𝑘, 𝑡𝑡) 

 

𝐼𝐼(𝑘𝑘, 𝑡𝑡) = 𝐼𝐼(2𝜋𝜋/𝜆𝜆, 𝑡𝑡). 

 

𝑟𝑟(𝑑𝑑, 𝑡𝑡) = � 𝐼𝐼(𝑘𝑘, 𝑡𝑡)
�

��
𝑒𝑒𝑒𝑒𝑒𝑒( − 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋)𝑑𝑑𝑑𝑑, 

 

|𝑅𝑅(𝑑𝑑, 𝑓𝑓)|� 

 

⟨|𝑅𝑅(𝑑𝑑, 𝑓𝑓)|�⟩ 

 

Γ(𝑑𝑑, 𝜏𝜏) = � ⟨|𝑅𝑅(𝑑𝑑, 𝑓𝑓)|�⟩
∞

�∞
𝑒𝑒𝑒𝑒𝑒𝑒(2𝜋𝜋𝜋𝜋𝜋𝜋) 𝑑𝑑𝑑𝑑. 

 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = �
𝐶𝐶𝐶𝐶
𝐶𝐶𝐶𝐶�

� 

 was Fourier 
transformed in order to obtain the depth resolved 
reflectivity profile r(d,t) of the sample along the sample 
beam as,
			 

𝐼𝐼(𝜆𝜆t)  𝐼𝐼(𝑘𝑘, 𝑡𝑡)  𝐼𝐼(𝑘𝑘, 𝑡𝑡) 

 

𝐼𝐼(𝑘𝑘, 𝑡𝑡) = 𝐼𝐼(2𝜋𝜋/𝜆𝜆, 𝑡𝑡). 

 

𝑟𝑟(𝑑𝑑, 𝑡𝑡) = � 𝐼𝐼(𝑘𝑘, 𝑡𝑡)
�

��
𝑒𝑒𝑒𝑒𝑒𝑒( − 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋)𝑑𝑑𝑑𝑑, 

 

|𝑅𝑅(𝑑𝑑, 𝑓𝑓)|� 

 

⟨|𝑅𝑅(𝑑𝑑, 𝑓𝑓)|�⟩ 

 

Γ(𝑑𝑑, 𝜏𝜏) = � ⟨|𝑅𝑅(𝑑𝑑, 𝑓𝑓)|�⟩
∞

�∞
𝑒𝑒𝑒𝑒𝑒𝑒(2𝜋𝜋𝜋𝜋𝜋𝜋) 𝑑𝑑𝑑𝑑. 

 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = �
𝐶𝐶𝐶𝐶
𝐶𝐶𝐶𝐶�

� 

	 ...(2)

where d is the depth of the sample. Finally, a total of 
25000×1.2 depth resolved reflectivity profiles were 
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(PHL-150, MEJIRO PRECISION, Japan) with the fiber 
optic light guides were used to illuminate the plant leaf 
at a photon flux density of 500 μmol m-2 s-1 during the 
experiments.

	 The O3 exposure system (Figure 3) consists of an 
air pump, charcoal filters (CF), an O3 generator (OES 
10A, Dylec Inc., Japan), an O3 monitor (Model 1150, 
Dylec Inc., Japan), and a main O3 chamber (33.5 × 
33.5 × 58 cm3). A specially designed leaf O3 chamber 
(10 × 10 × 2 cm3), made up of PVC was connected to 
the main O3 chamber to enable optical imaging of the 
leaf. Generated O3 was fed into the main O3 chamber 
with its concentration being precisely controlled by 
the O3 monitor that constantly sent a feedback signal to 
the O3 generator. In the experiments, the O3 generation 
system approximately took 14 minutes to reach the target 
O3 concentration of 240 ppb. The O3 feedback system 
practically stabilized the concentration of O3 within the 
leaf and main O3 chambers at an accuracy of 0.5% during 
the experiment.

Timing protocol and data acquisition

Prior to the experiment, as an initial step, following 
mounting of the Chinese chives leaf in the leaf O3 
chamber, the leaf was acclimatized to the environmental 
condition by having a continuous flow of charcoal filtered 
air (10 liter/min.) into the leaf chamber for two hours. 
Next, after starting the O3 generator half an hour was 
allocated for the O3 concentration in the main O3 chamber 
to reach 240 ppb. At the end of this half an hour period, 
on reaching the target O3 concentration, connections of 
the O3 air tubes were arranged in such a way that, air 
containing O3 will reach leaf without passing through CF. 
O3 exposure was carried out for 3 hours. 

	 At the end of 3 hours of exposure, connection of O3 
tubes to the chamber were rearranged so as for the air to 
pass through CF before reaching the leaf chamber. Final 
CF air treatment was done to monitor the response of 
leaf after O3 exposure. O3 concentration of 240 ppb was 
chosen based on the criterion used in Japan, where serious 
warning for O3 is issued (Lee & Goto, 2022; Rathnayake 
et al., 2007). Both the temperature and the humidity were 
kept constant during a single session of the experiment 
with their variations being ± 2%.

	 bOCT biospeckle signal data corresponding to fixed 
lateral positions from the back surface of the leaf were 
acquired continuously at times including before O3 
exposure, during exposure at times of 1 hour, 2 hours, 
3 hours, and after stopping O3 exposure at 1 hour, 2 
hours, and 3 hours. Before and after O3 exposure, plant 
leaves were treated with CF air for 2.5 hours and 3 hours, 
respectively. The entire experimental duration was 8.5 
hours.

Analyzing the biospeckle signals

To examine the bOCT biospeckles, OCT cross-sectional 
images were acquired successively over a certain period. 
Two different methods were used to analyze biospeckle 
signals coming from different spatial positions of the OCT 
cross-sectional image. In the first method, the magnitude 
of the fluctuation of the biospeckle signal, in other words, 
the standard deviation (SD) of the signal, was calculated 
along the time axis for each spatial position from the 
data array of OCT cross-sectional images. Then, a bOCT 
biospeckle image was constructed from the SDs of 
biospeckle signals.

	 In the second method, temporal characteristics of the 
biospeckle signals originating from different depths were 
analyzed. Averaged autocorrelation functions of bOCT 
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Figure 3. A schematic of the O3 exposure system and a simplified sketch of SD-OCT system used in 
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Figure 3:	 Timing protocol of O3 exposure and data acquisition.
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biospeckle signals coming from layers at different depths 
of the leaf were calculated. From the correlation, half-
width half maximum (HWHM) or the correlation length 
(CLs) was obtained. Longer CLs would indicate slower 
motion within the leaf and vice versa. Magnitude, SD, 
and temporal characteristics, CL, of the time varying 
biospeckle signal can reveal different information 
from that obtained by the conventional OCT, and they 
are proposed as measures to evaluate the changes in 
biological activities against O3 stress on plants.

RESULTS AND DISCUSSION

Micro-structural cross-sectional observation with an 
optical microscope was done for a Chinese chives leaf 
(Figure 4). The epidermal cells layer indicated as ue 
(20 µm thick layer), and the oval shaped mesophyll cells 
marked as mc (around 90 µm in height), were clearly 
visible. Here, the epidermal layer is the outermost cell 
layer of the plant leaf, which regulates gas exchange, 
and protects the leaf against water loss. The mesophyll 
cell layer is the primary location for photosynthesis, 

calculated along the time axis for each spatial position from the data array of OCT cross-sectional 

images. Then, a bOCT biospeckle image was constructed from the SDs of biospeckle signals. 

In the second method, temporal characteristics of the biospeckle signals originating from different 
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RESULTS AND DISCUSSION 

Micro-structural cross-sectional observation with an optical microscope was done for a Chinese 

chives leaf (Figure 4). The epidermal cells layer indicated as ue (20 m thick layer), and the oval 

shaped mesophyll cells marked as mc (around 90 m in height), were clearly visible. Here, the 

epidermal layer is the outermost cell layer of the plant leaf, which regulates gas exchange, and 

protects the leaf against water loss. The mesophyll cell layer is the primary location for 

photosynthesis, governing most of the leaf's interior functions (Taiz & Zeiger, 2002). 

 

 

Figure 4. Optical microscopy (SZX7 Microscopy, U-TV0.5XC-3 Camera adaptor, OLYMPUS, 

Tokyo, Japan) analysis of the cross-section of a leaf of Chinese chives. ue-upper epidemis, mc-

mesophyll cell, vb-vascular bundle. 

Figure 4:	 Optical microscopy (SZX7 Microscopy, U-TV0.5XC-3 
Camera adaptor, OLYMPUS, Tokyo, Japan) analysis of 
the cross-section of a leaf of Chinese chives. ue-upper 
epidemis, mc-mesophyll cell, vb-vascular bundle.

 

 

Figure 5. Conventional structural OCT cross-sectional images (a) before O3 exposure, (b) 3 hours 

after starting O3 exposure. Corresponding bOCT biospeckle images (c) before exposure, (d) 3 hours 

after starting O3 exposure. Magnified views of the mesophyll cell layer encased in black dotted 

squares shown in (a), (b), (c), and (d) are shown, respectively in (e), (f), (g), and (h). ue: upper 

epidemis, mc: mesophyll cell. 

 

Figures 5(a), and (b) show the conventional structural OCT image of Chinese chives leaf (abaxial 

surface) acquired before and 3 hours after starting O3 exposure, respectively. Figures 5(c) and (d) 

represent the corresponding bOCT biospeckle SD images before, and 3 hours after starting O3 

exposure. The conventional OCT cross-sectional imaging can visualize the internal structure of 

biological tissues (Figure 5(a)). The epidermal cell layer can be clearly seen. However, the mesophyll 

cell layer was not clearly visible. In contrast, in the corresponding bOCT biospeckle image (Figure 

5(c)), the layer structure becomes clearer, and it can be seen clearly in the magnified image shown in 

Figure 5(g) in comparison to the corresponding one in Figure 5(e) of the structural OCT image. 

Comparing with the microscopic image in Figure 3, the upper epidermal layer and the distinctive 

more oval shaped mesophyll cells can be clearly seen in the bOCT biospeckle image. 

Figure 5:	 Conventional structural OCT cross-sectional images (a) before O3 exposure, (b) 3 hours after starting 
O3 exposure. Corresponding bOCT biospeckle images (c) before exposure, (d) 3 hours after starting O3 
exposure. Magnified views of the mesophyll cell layer encased in black dotted squares shown in (a), (b), (c), 
and (d) are shown, respectively in (e), (f), (g), and (h). ue: upper epidemis, mc: mesophyll cell.

governing most of the leaf's interior functions (Taiz & 
Zeiger, 2002).
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Figures 5(a), and (b) show the conventional structural 
OCT image of Chinese chives leaf (abaxial surface) 
acquired before and 3 hours after starting O3 exposure, 
respectively. Figures 5(c) and (d) represent the 
corresponding bOCT biospeckle SD images before, and 
3 hours after starting O3 exposure. The conventional 
OCT cross-sectional imaging can visualize the internal 
structure of biological tissues (Figure 5(a)). The 
epidermal cell layer can be clearly seen. However, the 
mesophyll cell layer was not clearly visible. In contrast, 
in the corresponding bOCT biospeckle image (Figure 
5(c)), the layer structure becomes clearer, and it can be 
seen clearly in the magnified image shown in Figure 
5(g) in comparison to the corresponding one in Figure 
5(e) of the structural OCT image. Comparing with the 
microscopic image in Figure 3, the upper epidermal 
layer and the distinctive more oval shaped mesophyll 

cells can be clearly seen in the bOCT biospeckle 
image.

	 Comparing the effect of O3 exposure duration, it was 
difficult to find a clear difference in conventional OCT 
images between Figures 5(a) and (b) or between (e), and 
(f). However, the variation due to O3 exposure could be 
clearly seen in the bOCT biospeckle images between 
Figures 5(c) and (d), or (g) and (h). The oval shaped 
periodic structure that corresponds to mesophyll cells 
became unclear in biospeckle images with even 3 hours 
short term O3 exposure. Earlier studies confirmed that 
cells belonging to mesophyll layer is the main target of 
O3 injury (Turc et al., 2023; Xu et al., 2023; Vollenweider 
et al., 2003). Next, biospeckle signals coming from 
different depth layers were analyzed for their temporal 
characteristics.

Comparing the effect of O3 exposure duration, it was difficult to find a clear difference in 

conventional OCT images between Figures 5(a) and (b) or between (e), and (f). However, the 

variation due to O3 exposure could be clearly seen in the bOCT biospeckle images between Figures 

5(c) and (d), or (g) and (h). The oval shaped periodic structure that corresponds to mesophyll cells 

became unclear in biospeckle images with even 3 hours short term O3 exposure. Earlier studies 

confirmed that cells belonging to mesophyll layer is the main target of O3 injury (Turc et al., 2023; 

Xu et al., 2023; Vollenweider et al., 2003). Next, biospeckle signals coming from different depth 

layers were analyzed for their temporal characteristics. 

 

 

Figure 6. (a) OCT Image of the back surface of a leaf. (b) Averaged autocorrelation functions 

calculated for the epidermal layer over a region of 236 to 267µm across the depth. 

 

It is clear from the origin of the biospeckles that in addition to its magnitude, SD, its temporal 

characteristics also reflect the dynamic properties of the cell organelles and scattering particles inside 

the plant leaf. To analyze the temporal characteristics of the signal, we examined the temporal 

autocorrelation function of the biospeckle signal. 

  

Figure 6:	 (a) OCT Image of the back surface of a leaf. (b) Averaged autocorrelation functions 
calculated for the epidermal layer over a region of 236 to 267µm across the depth.

It is clear from the origin of the biospeckles that in 
addition to its magnitude, SD, its temporal characteristics 
also reflect the dynamic properties of the cell organelles 
and scattering particles inside the plant leaf. To analyze 
the temporal characteristics of the signal, we examined 
the temporal autocorrelation function of the biospeckle 
signal.

In order to investigate the temporal autocorrelation 
function, the galvano mirrors used for scanning the beam 
laterally were fixed at a particular position of interest 
after the OCT images of the leaf were acquired (Figure 
6(a)). Interference signals were acquired and the temporal 
autocorrelation functions corresponding to every depth 
position were calculated. The selected depth regions were 
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the 236 to 267 µm depth region (epidermal layer), 295 
to 326 µm depth region (mesophyll cell layer), and 339 
to 370 µm depth region (layer below mesophyll cells). 
Autocorrelation functions within the same layer were 
averaged (along depth direction). The autocorrelation 
functions for different layers over different time periods 
of 1, 2, and 3 hours within the O3 exposure duration 
were averaged and indicated as ‘within’. In a similar 
way, autocorrelation functions for 1, 2, and 3 hours after 
exposure were averaged and indicated as ‘after’.

	 Next, those autocorrelation functions were evaluated 
by defining the correlation length as half-width at half 
maximum, i.e., CLs of biospeckle signals, and they were 
calculated for ‘before’, ‘within’, and ‘after’ O3 exposure 
periods for each of the three different layers, namely, the 
ue layer, mc layer, and below mc layer.

	 The variation of CL under O3 stress is shown in Figure 
6(b) for the ue layer. It can be seen that CL increased 
with O3 exposure, indicating that the rate of biological 
movements in this layer decreased with O3 exposure in 
this layer. To focus on the relative change in biospeckle 
signal coming from three different layers of the leaf in 
response to O3 exposure, CLs of biospeckle signals, those 
of ‘within’ and ‘after’ O3 exposure were normalized using 
those obtained before O3 exposure. These quantities are 
called as normalized correlation lengths (NCLs). NCLs 
from 16 measurements from the back surface of six 
different leaves (at least 2 measurements from one leaf) 
of Chinese chives, before, within, and after exposure 
to O3 were averaged separately to obtain the averaged 
normalized correlation length (ANCL) as given by,
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	 where, ‹...› denotes average over 16 measurements, 
and CLb indicates the correlation length of the biospeckle 
signal before O3 exposure. In the following discussion, 
the NCLs of biospeckle signals were used and shown for 
different layers in Figure 7. Under the short term of O3 
exposure, biological changes in different layers could be 
identified with ANCL.

	 ANCLs decreased in the mc layer and the below mc 
layer with O3 exposure for the leaf. The reduction was 
significant (t-test, P < 0.05, Figure 7) in the case of the 
mc layer. However, for the ue layer ANCL appeared 
to be increased, but the increase was not statistically 
significant.

Increase of CL, i.e., slow fluctuation rate of the biospeckle 
signal, in the ue layer could be seen during and after the 
O3 exposure. In contrast, the biospeckle fluctuation rate 
was increased during and even after O3 exposure in the 
mc layer and the layer below mesophyll cells.

	 Earlier studies (Turc et al., 2023; Xu et al., 2023; 
Vollenweider et al. 2003; Faoro & Iriti 2009) too 
confirmed that palisade mesophyll cells are the main 
target of O3 injury. Also, that the O3 injury mainly occurs 
in the mesophyll cells whereas epidermal and stomatal 
cells and vascular cells resist until the last stage before 
total leaf necrosis. O3 is taken up through the stomata 
and reacts with water and intercellular components to 
generate highly reactive oxygen species (ROS), that 
include peroxides and free radicals which are probably 
the real cause of the negative effect of O3. Plants have a 
number of mechanisms that chemically and enzymatically 
remove these toxic compounds avoiding cellular damage 
(Kangasjärvi et al., 1994, Sharma & Davis, 1997, 
Sandermann et al., 1998, Dizengremel, 2001; Rajput 
et al., 2021; Sachdev et al., 2021). We expect that, 
once O3 enters plant leaves, it activates these defense 
mechanisms. This may be a reason for the increase in 
biospeckle fluctuation rate in the mc layer and the layer 
below mc.

Figure 7:	 ANCLs of biospeckle signals coming from different layers 
(from the back surface) of Chinese chives leaves under O3 
exposures of 240 ppb. Each average value was plotted with 
standard error for 16 measurements. ue: upper epidemis, 
mc: mesophyll cell. The ANCL within O3 exposure and 
after exposure were compared with that before exposure 
using statistical two samples t-test. (a, P < 0.05; b, P < 
0.07; c, not significant).
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CONCLUSION

We showed that the bOCT biospeckle imaging technique 
can be successfully applied to monitor O3 stress on 
plants. The internal cell structure of the leaf, especially 
the mesophyll cell layer and below, inside the Chinese 
chives leaf could be clearly visualized by the bOCT 
biospeckle imaging in contrast to the conventional 
OCT imaging.  Further, with O3 exposure, variation of 
magnitude of biospeckle signal fluctuation coming from 
mesophyll cell layer could be visualized with more of 
the oval shaped mesophyll cells becoming unclear in 
contrast to the conventional OCT image. 

	 We showed that analysis of the temporal characteristics 
of biospeckle signal coming from different layers could 
identify changes in biological activity with O3 exposure. 
This study demonstrates that the direct exposure to O3 
affects differently the bOCT biospeckle signals coming 
from different layers of Chinese chives, even though the 
period of exposure O3 is short, only a few hours. 

	 The bOCT based on biospeckle is found to be suitable 
for fast, non-destructive monitoring of environmental 
stresses on plants, which can potentially lead to significant 
time and cost saving, while conventional techniques 
require destruction and subsequent analysis.
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Abstract: This research investigates the influence of initial 
imperfections on the seismic performance of steel hollow 
piers, which are crucial components of bridges and other 
critical structures. The study focuses on two main types of 
initial imperfections: residual stresses and global geometric 
imperfections, which are key parameters influencing the seismic 
performance of thin-walled steel hollow piers. The goal is to 
understand how these imperfections affect the pier’s ductility, 
maximum energy dissipation capacity, and overall behaviour 
under uni-directional cyclic loads which simulates the seismic 
loading conditions. A numerical model was developed using the 
finite element method (FEM), incorporating various imperfection 
profiles and tested under different loading directions. Parametric 
studies were conducted to observe the effects of imperfections 
within permissible limits, as well as beyond those limits. The 
results revealed that the residual stresses had a negligible 
impact on seismic performance. However, global geometric 
imperfections significantly influenced the performance when 
the bend exceeded the allowable limit, and loaded in line 
with the imperfection, which is particularly critical. The study 
shows that global imperfections lead to a significant reduction 
in maximum strength, with reductions as high as 24% when 
loaded in line with the imperfection and between 1% and 11% 
when loaded perpendicularly, and these findings indicate that 
global imperfections play a dominant role in failure modes due 
to lateral cyclic loading.

Keywords:  Cyclic loading, FE modelling, geometric 
imperfections, residual stresses, steel hollow piers.

INTRODUCTION

Steel hollow box piers, constructed from welded steel 
plates, are widely used as essential lateral and vertical 
force-resisting elements in structures such as bridges, 
towers, flyovers, wind turbines, buildings, offshore 
platforms, elevated storage tanks, and transmission towers 
due to their compact cross-section and advantages such 
as high earthquake resistance, strength-to-weight ratio, 
and torsional stiffness (Kearns et al., 1976; Thevega et 
al., 2021). However, with global population growth and 
rapid urbanization, structural damage due to seismic 
events has become increasingly critical. Earthquakes are 
among the most destructive natural disasters, causing 
significant economic losses and casualties. Dense urban 
populations and critical infrastructure in earthquake-
prone areas heighten the risks to vital structures like 
bridges (Aoki et al., 2005). In Japan, for instance, 
earthquakes between 1923 and 1983 damaged over 3,000 
bridges, emphasizing the need for improved seismic 
design (Kearns et al., 1976).

	 Traditional seismic design models primarily consider 
constant axial loads and uni-directional forces. However, 
real-world seismic movements are multi-dimensional and 
highly complex. Research indicates that multi-directional 
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cyclic lateral stresses impact thin-walled steel tubular 
columns more severely than single-directional forces. 
Global buckling under cyclic loading can significantly 
reduce the strength and ductility of columns, increasing 
their susceptibility to failure (Aoki et al., 2005). The 
most common failure mode in steel columns of highway 
bridge piers under lateral cyclic loading is excessive 
lateral deformation caused by local buckling of steel 
plates (Thevega et al., 2021). Both local and global 
buckling contribute to strength and ductility reduction, 
ultimately leading to failure.

	 Imperfections in fabrication of such structures are an 
unavoidable circumstance. These imperfections can be 
mainly categorized into three sections: residual stresses, 
local geometric imperfections, and global geometric 
imperfections (Sato et al., 2017). This study focuses on 
the effects of global imperfections and residual stresses 
on seismic performance. Early geometric imperfections 
and residual stresses influence the initial stiffness and 
strength of thin-walled structures under monotonic 
loading (Mamaghani et al., 1996; Banno et al., 2005). 
While previous studies, such as those by Jenothan et al. 

(2023), did not account for initial geometric imperfections 
and residual stresses due to a lack of quantification in 
tested columns, this study aims to bridge that research 
gap.

	 The main focus of this study is to evaluate the 
seismic performance of thin-walled steel hollow piers by 
analyzing the effects of initial imperfections, including 
residual stresses and global geometric imperfections. 
A finite element (FE) model of the steel pier was 
developed using ABAQUS software, with validation 
achieved through comparison with experimental data 
from Susantha et al. (2007). Parametric studies were 
conducted numerically to assess the influence of residual 
stresses and geometric imperfections. A selected residual 
stress distribution from the literature was applied to 
the model to examine its impact on seismic behaviour. 
Various curved shape profiles with increasing deflection 
values were introduced to evaluate global geometric 
imperfections, as referenced by Sato et al. (2017), both 
within and beyond permissible limits. The study also 
analyzed how different loading directions influenced the 
pier’s strength and stability.

 

maximum strength capacity ( ), providing insights into how imperfections affect the pier’s 

response during seismic events. 

 
2. METHODOLOGY 

A research methodology was developed addressing all the research gaps, leading to a parametric 

study. Following validation of the numerical model, parametric studies were conducted as outlined 

in the overall methodology diagram shown in Figure 1, which presents a structured approach, 

beginning with an initial literature review of research on initial imperfections, followed by detailed 

parametric studies targeting two imperfection types: residual stress (RS) and global geometric 

imperfections (GI). 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Develop the relationship between initial 
imperfections and seismic performance 

Study the effect of geometric 
imperfections on the seismic performance 

Study the effect of residual stresses 
on the seismic performance 

Validation of the numerical 
model using the past 

studies 

Study on the effect of 
residual stresses 

Study on the effect of geometric 
imperfections (Global) 

Numerical model 
development 

 

Understand the current stage of research 
on effect of initial imperfections 

Perfect Model (Free from 
any initial imperfections) 

Imperfect model with 
Residual Stresses 

Imperfect model with 
Geometric Imperfections 

Study of the initial 
imperfections 

Figure 1:	 Flow chart of methodology 
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Parameters Values

Yield stress (σy) 412 MPa

Young’s modulus (Es) 206000 MPa

Ultimate stress (σu) 650 MPa

Poisson’s ratio (v) 0.276

Table 1:	 Material properties (Susantha et al., 2005)

In addition to these factors, key design parameters such 
as axial load-to-yield load ratio (P/Py), width-to-thickness 
ratio (Rf), and slenderness ratio (λ) were examined in 
relation to imperfections. The seismic performance was 
evaluated by analyzing normalized ductility (δmax/δy) and 
maximum strength capacity (Hmax/ Hy), providing insights 
into how imperfections affect the pier’s response during 
seismic events.

MATERIALS AND METHODS

Methodology

A research methodology was developed addressing all the 
research gaps, leading to a parametric study. Following 
validation of the numerical model, parametric studies 
were conducted as outlined in the overall methodology 
diagram shown in Figure 1, which presents a structured 
approach, beginning with an initial literature review of 
research on initial imperfections, followed by detailed 
parametric studies targeting two imperfection types: 
residual stress (RS) and global geometric imperfections 
(GI).

Material properties

This study utilizes ABAQUS, a commercial finite 
element software, to perform FE analysis, incorporating 
both material and geometric nonlinearities throughout 
the computation. Accurate material properties are 
the main factor in obtaining realistic results through 
numerical simulations. A number of material models for 
common materials such as steel, concrete and various 
composites are readily available in ABAQUS. Basic 
material properties such as yield stress, ultimate stress, 
Young’s modulus, and Poisson’s ratio, which determine 
the behaviour of steel, were introduced to the software. 
A combined hardening material model is employed, 
incorporating the Von Mises yield criterion alongside 
an associated plastic flow rule, effectively modeling the 

inelastic behaviour of materials under cyclic loading. 
Normal-strength steel, specifically SM490 (Susantha 
et al., 2005) grade as per Japanese Industrial Standards, is 
used in this investigation. The detailed material properties, 
consistent with those used by Susantha et al. (2005), are 
provided in Table 1. A simplified bilinear material model 
shown in Figure 2 was used for the analysis for efficient 
computations without compromising the accuracy of the 
results.

 

 
Figure 2: Bilinear stress-strain steel model 

 

2.2. Geometric Details of Columns 

Figure 3 displays the longitudinal dimensions of the modeled pier in a 3D view, highlighting cross-

sectional and diaphragm dimensions. The same cross-sectional details were applied for validation 

and the residual stress study, while the parametric analysis for global imperfections included 

variations in cross-sectional dimensions and pier heights. 

 
 

 

  

(a) (b) (c) 

Figure 3: Dimensions of modelled pier: (a) longitudinal, (b) cross-section and (c) intermediate 

diaphragms (all dimensions are in millimetres) 

Figure 2:	 Bilinear stress-strain steel model

Geometric details of columns

Figure 3 displays the longitudinal dimensions of the 
modeled pier in a 3D view, highlighting cross-sectional 
and diaphragm dimensions. The same cross-sectional 
details were applied for validation and the residual 
stress study, while the parametric analysis for global 
imperfections included variations in cross-sectional 
dimensions and pier heights.

Loading procedure

The loading setup in this study starts with an initial 
axial force to represent the loads coming from the 
superstructure, denoted as P, followed by the application 
of unidirectional cyclic lateral loads. The axial force P 
is represented as a ratio, P/Py , where Py refers to the 
axial force at the yield stress of the steel, in a given 
cross-section, set to 0.2 in this analysis. A uni-directional 
cyclic load, which is varying according to the pattern 
shown in Figure 4 was applied at the top of the model to 
represent simplified earthquake condition while keeping 
the constant axial load applied, as shown in Figure 5.
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A ‘perfect model,’ which excludes any initial 
imperfections, was developed in order to compare 
the performances of the piers in which the initial 
imperfections were introduced. In this model, the box pier, 
longitudinal stiffeners, and diaphragms are represented 
using four-node shell elements with reduced integration 
(S4R) and five integration points through the thickness. 
A fixed boundary condition is applied at the base, and 
axial and lateral cyclic loads are introduced through a 

reference point linked to the top of the column via a 
rigid connection. Observations from the previous studies 
shows that the square box columns made of thin-walled 
steel indicate that local buckling typically occurs between 
the base and the bottom diaphragm near the column base. 
The entire pier is meshed with a 25 mm S4R element size 
as shown in Figure 6. Mesh convergence testing verified 
that this mesh density provides accurate results while 
keeping computational time manageable.
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Figure 3:	 Dimensions of modelled pier: (a) longitudinal, (b) cross-section and (c) intermediate diaphragms (all dimensions are in 
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2.2. Geometric Details of Columns 

Figure 3 displays the longitudinal dimensions of the modeled pier in a 3D view, highlighting cross-

sectional and diaphragm dimensions. The same cross-sectional details were applied for validation 

and the residual stress study, while the parametric analysis for global imperfections included 

variations in cross-sectional dimensions and pier heights. 
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Numerical model with residual stress

This section evaluates the impact of residual stress on 
the seismic behaviour of steel piers. The investigation 
was based on the claim by Jenothan et al. (2023a) that 
neither initial geometric imperfections nor residual 
stresses from welding flange and web plates significantly 
influence cyclic behaviour beyond the first half-cycle. 
To verify this, a residual stress distribution proposed 
by Susantha et al. (2005) was selected and applied to 
the pier, as shown in Figure 7. A similar distribution 

was also recommended by Yao & Fujikubo (2016) for 
T-sections.

	 The proposed model for the residual stress distribution 
accurately represents its effects on the pier, providing 
the necessary details for precise stress modeling and 
calculation. The residual stress is applied in the axial 
direction following specified values, ensuring a realistic 
representation in the numerical model. Figure 8 illustrates 
the applied stress distribution, which is also incorporated 
into the steel plate, stiffeners, and diaphragms.
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Numerical model with global geometric 
imperfections

The global geometric imperfection taken into account 
is a bend in the steel pier, as suggested by Sato et al. 
(2017). Therefore, the numerical model must integrate 
this imperfection profile while maintaining the same 
arrangement of stiffeners and intermediate diaphragms, 
as illustrated in Figure 9. In the parametric study, a single 
curved shape profile with varying bend amplitudes 
was examined to analyze the way it is influenced by 
unidirectional cyclic loading, as mentioned in Table 2. 
The study identifies different cases of global geometric 
imperfections based on the direction of cyclic load 
application, as depicted in Figure 9 (b), (c) and (d). 
The exaggerated shapes illustrating these profiles are 
presented in Figure 9 (a) to provide a clear indication 
of the curved profile. To further investigate the effect 
of these bends, a parametric study was conducted using 
steel piers with the same cross-sectional arrangement. 

 

maintaining the same arrangement of stiffeners and intermediate diaphragms, as illustrated in Figure 

9. In the parametric study, a single curved shape profile with varying bend amplitudes was 

examined to analyze the way it is influenced by unidirectional cyclic loading, as mentioned in Table 

2. The study identifies different cases of global geometric imperfections based on the direction of 

cyclic load application, as depicted in Figure 9 (b), (c) and (d). The exaggerated shapes illustrating 

these profiles are presented in Figure 9 (a) to provide a clear indication of the curved profile. To 

further investigate the effect of these bends, a parametric study was conducted using steel piers with 

the same cross-sectional arrangement. The selected values for the parametric study are provided in 

Tables 2 and 3. The bend shapes are selected within a range of 0 mm to 70 mm, both within and 

outside the permissible range specified by Sato et al. (2017), where the permissible deviation for 

global imperfections was ≤ L/1500. Global geometric imperfections are introduced by modeling the 

curved shape in ABAQUS software. The results obtained from these simulations are used to 

determine a fixed curvature for further studies on the sensitivity analysis. The sensitivity analysis 

was focused on the main design parameters of steel piers, such as width-to-thickness ratio, 

slenderness ratio, and axial load-to-yield load ratio, while keeping the stiffener properties and 

loading arrangement constant. Tables 4 and 5 contain the critical data necessary to model the test 

piers in this sensitivity analysis. 
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Figure 9:	 Global geometric imperfection modeling: (a) indication of the curved profile, (b) unidirectional 
cyclic loading applied in +X-direction and (c) unidirectional cyclic loading applied in -X-direction 
(d) unidirectional cyclic loading applied in Z-direction
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Table 2:	 Profiles of global geometric imperfections (Permissible 
range: DG ≤ L/1500)

Width to thickness ratio - Rf Slenderness ratio - λ Applied axial load to yield load ratio  - P / Py 

0.5 0.3
0.15

0.6 0.4

0.7 0.5
0.20

0.8 0.6

Table 3:	 The selected values for the parametric study
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The selected values for the parametric study are provided 
in Tables 2 and 3. The bend shapes are selected within 
a range of 0 mm to 70 mm, both within and outside the 
permissible range specified by Sato et al. (2017), where 
the permissible deviation for global imperfections was 
≤ L/1500. Global geometric imperfections are introduced 
by modeling the curved shape in ABAQUS software. 
The results obtained from these simulations are used 

No P/Py Rf λ P(kN) δy Hy/(kN)

1 0.15 0.50 0.30 905.51 10.75 469.06

2 0.15 0.50 0.40 905.51 18.70 343.61

3 0.15 0.50 0.50 905.51 28.38 266.70

4 0.15 0.50 0.60 905.51 39.30 214.46

5 0.15 0.60 0.30 795.49 10.82 409.93

6 0.15 0.60 0.40 795.49 18.85 300.08

7 0.15 0.60 0.50 795.49 28.55 233.24

8 0.15 0.60 0.60 795.49 39.68 187.13

9 0.15 0.70 0.30 691.05 10.70 353.03

10 0.15 0.70 0.40 691.05 18.50 259.54

11 0.15 0.70 0.50 691.05 28.14 201.18

12 0.15 0.70 0.60 691.05 39.03 161.61

13 0.15 0.80 0.30 606.96 10.42 308.77

14 0.15 0.80 0.40 606.96 18.11 226.35

15 0.15 0.80 0.50 606.96 27.47 175.77

16 0.15 0.80 0.60 606.96 38.12 141.16

Table 4:	 Essential values for modeling ( =0.15)

to determine a fixed curvature for further studies on 
the sensitivity analysis. The sensitivity analysis was 
focused on the main design parameters of steel piers, 
such as width-to-thickness ratio, slenderness ratio, and 
axial load-to-yield load ratio, while keeping the stiffener 
properties and loading arrangement constant. Tables 4 
and 5 contain the critical data necessary to model the test 
piers in this sensitivity analysis.

No P/Py Rf λ P(kN) δy Hy / (kN)

17 0.20 0.50 0.30 1207.34 10.17 443.78

18 0.20 0.50 0.40 1207.34 17.54 322.30

19 0.20 0.50 0.50 1207.34 26.32 247.32

20 0.20 0.50 0.60 1207.34 35.93 196.03

21 0.20 0.60 0.30 1060.65 10.24 387.84

22 0.20 0.60 0.40 1060.65 17.69 281.48

23 0.20 0.60 0.50 1060.65 26.48 216.31

24 0.20 0.60 0.60 1060.65 36.27 171.04

25 0.20 0.70 0.30 921.40 10.12 333.99

26 0.20 0.70 0.40 921.40 17.35 243.46

27 0.20 0.70 0.50 921.40 26.09 186.56

28 0.20 0.70 0.60 921.40 35.67 147.71

29 0.20 0.80 0.30 809.29 9.86 292.13

30 0.20 0.80 0.40 809.29 16.99 212.32

31 0.20 0.80 0.50 809.29 25.47 163.01

32 0.20 0.80 0.60 809.29 34.84 129.02

Table 5:	 Essential values for modeling ( =0.20)

RESULTS AND DISCUSSION

Validation of the numerical model

The importance of mesh density in getting accurate 
results was checked through a mesh sensitivity analysis. 
Figure 10 shows how different mesh sizes, from 50 mm 
to 10 mm, affect base shear results. This confirms that 
refining the mesh is necessary for reliable analysis. Based 
on this, a 25 mm mesh size was selected for the study.

	 The loading pattern displayed in Figure 4 was applied 
to the steel hollow column for model validation, with 
reference to experimental data from Susantha et al. 
(2007). The envelop curve of the FEM numerical model, 
shown in Figure 11, demonstrates favourable agreement 
with the experimental curve. 

 

 
 

Figure 10: Variation of base stress with size of the mesh 
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Additionally, the numerical deformation shapes matched precisely with those from the experimental 

study. Figure 12 illustrates a comparison of the buckling shape at the fixed base observed by 

Susantha et al. (2007) with the buckling shape of the perfect model.  
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Additionally, the numerical deformation shapes matched 
precisely with those from the experimental study. Figure 
12 illustrates a comparison of the buckling shape at the 
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Figure 12: Buckling behaviour: (a) experimental model and (b) numerical mode (Susantha et al., 

2007) 

3.2. Results of Residual stress study 

In this study, residual stress distribution derived from Susantha et al. (2007) was incorporated  into 

the test model, which allowed us to evaluate its impact on the seismic performance of steel hollow 

piers. A comparison with an idealized model under similar seismic conditions indicated that residual 

stress has a minimal impact on the seismic behaviour of steel piers. Figure 13(a) provides a visual 

representation of the stress distribution across the pier following the application of residual stresses, 

while Figure 13(b) illustrates the deformed shape and corresponding stress values after being 

subjected to lateral cyclic loading until failure. 
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Figure 13:	 Model with residual stresses: (a) residual stress distribution of the pier and 
(b) deformed shape and von Mises stresses after failure
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Results of residual stress study

In this study, residual stress distribution derived from 
Susantha et al. (2007) was incorporated  into the test 
model, which allowed us to evaluate its impact on the 
seismic performance of steel hollow piers. A comparison 
with an idealized model under similar seismic conditions 

indicated that residual stress has a minimal impact on the 
seismic behaviour of steel piers. Figure 13(a) provides 
a visual representation of the stress distribution across 
the pier following the application of residual stresses, 
while Figure 13(b) illustrates the deformed shape and 
corresponding stress values after being subjected to 
lateral cyclic loading until failure.
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Figure 13: Model with residual stresses: (a) residual stress distribution of the pier and (b) deformed 

shape and von Mises stresses after failure 

 
Figure 14 presents a comparison between the perfect model (free from any initial imperfections) 

and the performance of the model with residual stresses, employing the envelop curve. Based on the 

results, the effect of residual stress on the seismic performance of steel hollow sections is negligible. 

The numerical analysis and comparison with experimental data indicate that the presence of 

residual stress does not significantly alter the structural behaviour under seismic loading. 

 

Figure 14: Comparison of the perfect model performance and RS model performance using 
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3.3.  Results of Global geometric imperfections study 

This section presents the results of the study on global geometric imperfections. First, the 

permissible range was checked using the test pier, as described by Sato et al. (2017). The results 

within this range are shown in Figure 15. Since there was no strength reduction within the 

permissible range, we examined cases beyond this limit (DG > L/1500), as shown in Figure 16. A 

significant effect was observed when the bend profile was DG = L/50. This condition was used for 

sensitivity analysis to evaluate its impact on , , and , as presented in Table 3. The 

analysis was conducted for both X-direction and Z-direction loading conditions. 
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Figure 15: Results on permissible range: (a) X-direction loading and (b) Z-direction loading 
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Figure 16: Comparison of results with different DG values (a) X-direction loading, (b) Z-direction 

loading 

Tables 6 and 7 present the results for  of the sensitivity analysis conducted in this study. 

Table 6:  variation with  values for  = 0.15 

 X direction loading Z direction loading 

DG = 0 mm 

DG = 1.427mm 

DG = 0.957mm 

DG = 0.476mm 

DG = 0 mm 

DG = 1.427mm 

DG = 0.957mm 

DG = 0.476mm 

Figure 15:	 Results on permissible range: (a) X-direction loading and (b) Z-direction loading

Figure 14 presents a comparison between the perfect 
model (free from any initial imperfections) and the 
performance of the model with residual stresses, 
employing the envelop curve. Based on the results, the 
effect of residual stress on the seismic performance of 
steel hollow sections is negligible. The numerical analysis 
and comparison with experimental data indicate that the 
presence of residual stress does not significantly alter the 
structural behaviour under seismic loading.
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(DG > L/1500), as shown in Figure 16. A significant effect 
was observed when the bend profile was DG = L/50. This 
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multiple factors related to the cross-sectional parameters. 
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perfect model response. This indicates that 
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 is 
indeed influenced by global imperfections. Further studies 
with possible experimental work should be conducted to 
identify a trend in variations of these parameters when 
the models are subjected to global imperfections. 
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sensitivity analysis conducted in this study.

Results of global geometric imperfections study

This section presents the results of the study on global 
geometric imperfections. First, the permissible range was 
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(a) (b) 

Figure 15: Results on permissible range: (a) X-direction loading and (b) Z-direction loading 

  
(a) (b) 

Figure 16: Comparison of results with different DG values (a) X-direction loading, (b) Z-direction 

loading 

Tables 6 and 7 present the results for  of the sensitivity analysis conducted in this study. 
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Table 6,  variation with values for  = 0.15 does not show a consistent trend in 

changes with different  values. In most cases, the  decreases as the  value 
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increased λ values was observed, as shown in Table 7.
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From above percentage reduction values, it can be 
identified that the +X direction displacement heavily 
affects the maximum strength of the pier. For the case 
of 
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 = 0.8 and λ = 0.6, there is a 24% reduction in 
+X direction displacement, but less than 11% in the -X 
direction. For the Z direction, both negative and positive 
displacements exhibit similar behaviour due to symmetry, 
with reductions ranging between 1% and 11%.
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Rf λ

Hmax/Hy

+X -X Z

Perfect

Im
per-

fect

%
 

reduction

Perfect

Im
per-

fect

%
 

reduction

Perfect

Im
per-

fect

%
 

reduction

0.5

0.3 1.25 1.18 5.49 1.25 1.25 -0.28 1.25 1.23 1.20

0.4 1.17 1.07 8.91 1.17 1.15 1.77 1.17 1.13 4.02

0.5 1.14 1.01 11.09 1.14 1.12 1.63 1.14 1.09 4.01

0.6 1.04 0.93 10.19 1.04 1.06 -2.39 1.04 0.97 6.25

0.6

0.3 1.22 1.13 7.77 1.22 1.19 2.71 1.22 1.19 2.98

0.4 1.16 1.02 11.71 1.16 1.08 6.53 1.16 1.10 4.88

0.5 1.12 0.97 13.41 1.12 1.08 3.67 1.12 1.08 3.45

0.6 1.02 0.88 13.70 1.02 1.05 -2.72 1.02 0.95 6.46

0.7

0.3 1.20 1.10 8.18 1.20 1.14 4.78 1.20 1.17 2.07

0.4 1.12 0.98 12.22 1.12 1.09 3.15 1.12 1.06 5.00

0.5 1.09 0.93 15.20 1.09 1.05 3.86 1.09 1.04 4.62

0.6 1.00 0.81 18.92 1.00 0.98 1.94 1.00 0.92 8.38

0.8

0.3 1.17 1.04 10.86 1.19 1.13 5.39 1.16 1.08 7.27

0.4 1.10 0.90 18.60 1.11 1.07 3.57 1.10 1.01 8.13

0.5 1.04 0.86 17.06 1.07 1.03 4.01 1.03 0.98 4.85

0.6 0.98 0.79 20.05 0.97 0.92 5.37 1.00 0.90 10.20

Table 8:	 Percentage reduction of 
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Perfect
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%
 

reduction

0.5

0.3 1.28 1.19 7.62 1.28 1.28 0.37 1.28 1.25 2.46

0.4 1.17 1.07 8.71 1.17 1.16 1.05 1.17 1.15 2.12

0.5 1.13 1.02 10.15 1.13 1.13 0.08 1.13 1.10 2.50

0.6 1.07 0.90 15.34 1.07 1.06 0.28 1.07 1.00 6.34

0.6

0.3 1.23 1.13 7.97 1.23 1.21 1.37 1.23 1.21 1.55

0.4 1.16 1.01 12.90 1.16 1.11 4.90 1.16 1.11 4.26

0.5 1.11 0.95 14.64 1.11 1.02 8.30 1.11 1.08 2.74

0.6 1.05 0.84 19.97 1.05 1.00 4.71 1.05 0.97 7.76

0.7

0.3 1.20 1.10 8.66 1.20 1.12 6.99 1.20 1.18 2.02

0.4 1.13 0.98 13.10 1.13 1.07 5.12 1.13 1.07 4.80

0.5 1.08 0.88 18.37 1.08 1.01 6.70 1.08 1.05 2.95

0.6 1.04 0.78 24.97 1.04 0.97 6.64 1.04 0.93 10.46

0.8

0.3 1.17 0.99 15.95 1.17 1.04 11.09 1.17 1.10 6.24

0.4 1.09 0.95 12.85 1.09 0.99 8.81 1.09 1.01 6.99

0.5 1.04 0.87 15.73 1.04 0.99 4.60 1.04 0.95 8.14

0.6 1.00 0.76 24.00 1.00 0.94 6.06 1.00 0.89 10.79

Table 9:	 Percentage reduction of 
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CONCLUSION

This section summarizes the key findings on how 
residual stress and global geometric imperfections 
impact the seismic performance of steel hollow piers. 
The conclusions are drawn from parametric studies, 
highlighting the effects of global imperfections, especially 
residual stresses, on the overall behaviour of piers 
under seismic loading. These findings provide valuable 
insights into the role of global imperfections and lay the 
groundwork for future studies on the combined effects of 
multiple imperfections.

•	 The results indicate that residual stress minimally 
impacts the seismic performance of steel hollow piers. 
Comparisons with the perfect model reveal negligible 
differences in ductility and maximum strength, 
suggesting that residual stress does not significantly 
influence failure modes or overall seismic behaviour, 
and its effect is relatively minor in this context.

•	 Global geometric imperfections have a significant 
impact on the seismic performance of steel hollow 
piers when they exceed the permissible range 
(DG > L/1500). The effect becomes more pronounced 
as 
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 and λ values increase, indicating a strong 
correlation between these parameters and the reduction 
in ductility and strength (up to 24%) which emphasizes 
the significance of considering the effect of global 
imperfections in steel box piers in the design stages. 
Additionally, the direction of loading relative to the 
imperfection shape plays a critical role, with loading 
towards the bend causing a more significant reduction 
in performance compared to other directions.

•	 The direction of loading relative to the imperfection 
profile notably affects seismic behaviour. Loading in 
the +X direction results in a more pronounced reduction 
in performance compared to the -X direction. In the 
Z direction, although the behaviour is not perfectly 
symmetrical, the observed differences are minor.
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Abstract: Evaluating cracks is a crucial step in preserving 
concrete structures. Manual visual observation of the surface 
is the common method for inspecting concrete cracks, but it is 
inherently subjective and depends on the inspectors’ expertise. 
Moreover, it is inefficient, costly, and often hazardous when 
building structures are hard to reach. In structural health 
monitoring, unmanned aerial vehicles (UVAs) outfitted with 
advanced sensing and imaging technologies offer the capacity 
to detect and assess defects, such as corrosion and cracking, 
in buildings and infrastructure, thereby facilitating proactive 
maintenance and early hazard identification. This study 
presents the design and implementation of a UAV system 
integrating both sonar and visual sensors, aimed at detecting and 
classifying building cracks through deep learning techniques. 
The combined use of heterogeneous sensors represents a 
novel approach that capitalizes on their respective strengths 
while mitigating individual drawbacks. The detection of crack 
presence and depth is accomplished using sonar sensors. Visual 
capture is then initiated triggering the cameras only after a 
crack is detected by the sonar to minimize processing overhead 
during image analysis. The images of the cracks acquired by 
the vision sensors are processed by a customized convolutional 
neural network model which shows 99% accuracy in detecting 
and identifying the cracks.

Keywords: Convolutional neural network, crack detection and 
identification, deep learning, sonar sensors, unmanned aerial 
vehicle, vision sensors. 

Introduction 

Finding structural flaws is crucial for several reasons. 
Building cracks typically point to underlying structural 
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issues, including poor foundations, settlement, or 
structural stress. Finding cracks enables an evaluation 
of the building’s structural soundness and establishes 
whether there is a danger of collapse or failure. Manual 
contact measurements were traditionally used to detect 
cracks in structures. However, they were time-consuming 
and showed inconsistent results. The introduction of new 
technology rendered the crack analysis, more reliable 
and efficient, and equally important, such technology 
can overcome other limitations of conventional visual 
inspection methods. The objective of this research is 
to demonstrate a fully integrated system that combines 
custom made UAV with convolutional neural networks 
(CNNs) for the detection and identification of cracks in 
buildings

Perception modalities for crack detection

Non-imagery sensors were primarily utilized in the 
literature to identify building cracks. A four-point 
bending test was suggested by Chakraborty et al. (2019) 
to assess the implanted sensors’ sensitivity to spot 
cracking and its spread. Babu et al. (2022) have proposed 
crack detection using ultrasound sensors to automatically 
detect invisible cracks in concrete structures. GSM and 
GPS modules were used to track the locations of cracks 
in concrete structures (Babu et al., 2022) . The sensors 
are embedded in cubes and cylinders of concrete that 
have been combined with cement, fine sand, coarse sand, 
and water. The cylinders and cubes are weighed after 
curing, and any identified cracks are shown on an LCD 
screen (Babu et al., 2022). 
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The majority of automated crack detection methods 
use surface images captured using vision sensors such 
as monocular RGB cameras, an array of RGB cameras, 
a line-scanning camera, or 2D projections of 3D scans 
(Yuan et al., 2023). The textural, intensity, contours, 
and shape information extracted through these sensory 
images is then examined to identify cracks on buildings. 
However, the challenge of detecting cracks in an outdoor 
environment is to ensure sufficient illumination on the 
surface such that the contrast between cracks and the 
surface can be visually distinguished. Moreover, the 
images could also suffer from illumination imbalance 
due to the sensor-light setup or external factors such as 
shadows cast from objects such as trees and lamp posts  
(Yuan et al., 2023).

	 More recently there has been an increasing trend 
towards using image-based methods for crack detection 
and analysis. These techniques involve taking pictures 
of the intended component and using programming 
to locate and categorize cracks. The methods can be 
categorized into two types, namely, image processing 
and machine learning. Velumani et al. (2020) establish 
an image processing methodology for the automated 
identification and examination of cracks. To enhance 
image quality, the suggested model uses the gray intensity 
correction method, specifically the min max grey level 
differentiation (M2GLD). Crack detection also makes use 
of the Otsu image binarization process. The experimental 
findings show that the M2GLD approach and the Otsu 
test work well together to identify crack faults in digital 
photos. Hoang et al.  (2018) have proposed developing 
an automated fracture detection tool for concrete wall 
surfaces using edge detection methods such as Roberts, 
Prewitt, Canny, and Sobel. Hoang et al.  (2022), forward an 
innovative method based on computer vision for detecting 
sealed cracks. This technique uses image processing and 
metaheuristic-optimized feature extraction to capture 
visual appearance and texture in pavement photographs. 
It uses the Salp Swarm algorithm and multiclass support 
vector machine for pattern recognition, achieving 91.33% 
accuracy in detecting cracks and 92.83% accuracy in 
sealing them. Munawar et al. (2021) present a review 
on crack detection methods based on image processing. 
This review provides a comprehensive analysis and 
comparison of these methods, highlighting the most 
promising automated approaches for crack detection. 
Similarly, Gupta and Dixit (2022) discuss the use of 
thresholding-based methods in crack detection. The 
concept of thresholding is to select the higher pixel value 
by the selected threshold value. These studies highlight 
the potential of using image-based techniques for crack 
detection but also emphasize the challenges posed by 

varying illumination conditions and the need for effective 
feature extraction and representation. 

	 Moreover, integration of feature representation and 
classification in deep learning creates a powerful pipeline 
that requires minimal pre-processing of raw data, thus 
eliminating the need for manual feature extraction. As 
a result, the development of image-based deep neural 
network architectures has paved the way for the use 
of deep neural network (DNN) techniques in detecting 
cracks in images (Ali, et al., 2021). Convolutional Neural 
Networks (CNNs) are a type of deep neural network that 
is developed primarily for processing structured grid-like 
data, such as images. Their design comprises numerous 
layers, each serving a specific purpose in extracting 
hierarchical representations from input data. Input layer, 
convolutional layer, activation function, pooling layer, 
fully connected layer, and output layer are some of layers 
exhibit in CNNs to analyse and learn from complicated 
visual data. 

	 Yang et al. ( 2021) proposed to identify structural 
cracks. This experiment uses transfer learning on the 
ImageNet dataset, with a maximum of 50,020 training 
batches. Leaky ReLU and stochastic gradient descent are 
used as the activation function and optimizer. Tan et al. 
(2023) have developed an automatic crack detector using 
a state-of-the-art technique called deep learning mask 
regional network (R-CNN). The mask R-CNN algorithm 
segments objects in natural images, enabling efficient 
crack detection. According to Alzubaidi et al. (2021) 
the application of deep architectures inspired by the 
fields of artificial intelligence and computer vision has 
made a significant impact on the task of crack detection. 
They present a comprehensive literature review of 
deep learning-based crack detection studies and the 
contributions that they have made to the field. The studies 
are categorized according to the computer vision aspect 
and at deeper levels to facilitate exploring the studies that 
utilized similar approaches to address the crack detection 
problem. Ali et al. (2021) propose a convolutional neural 
network model for crack detection in concrete structures. 
According to the results, VGG-16 outperforms the other 
models. Słoński (2019) has compared the performance of 
four deep convolutional neural networks in the problem 
of image-based automated detection of concrete surface 
cracks as a binary classification problem, and it is solved 
by training a deep convolutional neural network on a 
small dataset. The classification accuracy of the best 
deep convolutional neural network on the testing set is 
about 94%. Fang et al. (2020) trained a deep convolution 
neural network (DCNN) by using an existing dataset and 
then retrained the architecture by using a self-created 
dataset of 184K images. 
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There are some pre-trained models such as VGG-16 
(Simonyan & Zisserman, 2014), VGG-19 (Simonyan 
& Zisserman, 2014), and ResNet-50 (He et al., 2016). 
The VGG-19 denotes its distinctive architectural design 
consisting of 19 layers (Simonyan & Zisserman, 2014). 
The VGG-19 model developed by the Visual Graphics 
Group (VGG) at the University of Oxford, represents a 
significant advancement in the domain of deep learning 
and computer vision. Unlike pre-defined architectures 
such as VGG and ResNet, a customized model offers the 
flexibility to adjust the number, type, and configuration 
of layers, including convolutional, pooling, and fully 
connected layers. This adaptability allows researchers 
and practitioners to design networks that precisely suit 
the requirements of diverse applications, enhancing 
performance and efficiency (Zeiler & Fergus, 2013).

Unmanned arial vehicle-based crack detection

An aerial vehicle is defined as any aircraft capable of 
maintaining airborne stability through the dynamic 
interaction of air against its lifting surfaces. This broad 
category of aviation encompasses airships, balloons, 
helicopters, and aeroplanes. Fixed-wing aerial vehicles, 
including UAV, primarily generate lift by propelling their 
wings forward. Ahmed et al. (2022) have conducted 
a comprehensive survey of recent developments in 
commercially available UAVs, providing insights into 
their structure, working methodology, flying features, 
and navigation control. The classification system for 
aerial vehicles is primarily divided into three categories: 
fixed-wing aircraft, rotary-wing aircraft, and hybrid 
UAVs. Each type has its unique set of advantages and 
disadvantages. Scott et al. (2022) provide a systematic 
review of predictive maintenance focused on a 
defence domain context, with a particular focus on the 
operations and sustainment of fixed-wing defence 
aircraft. Meanwhile,  Muhammed and Virk (2023) offer 
a comprehensive review of studies related to rotary-wing 
UAVs. Sinnemann et al. (2022) discuss the enormous 
possibilities offered by the cooperation of UAVs and 
mobile robot manipulators (MRMs) in modern industry.

	 Hexacopter and quadcopter are another two 
classifications of UAVs. A hexacopter is equipped with 
six rotors, and offers superior stability, payload capacity, 
and flight agility compared to quadcopter variants 
(Shelare et al., 2023). A quadcopter, also known as a 
quadrotor, is an aircraft equipped with four rotors on its 
rotor blades (Husnain et al.,  2023). To ensure the total 
torque exerted on the aircraft is zero, these rotors operate 
in pairs, with one pair rotating clockwise and the other 
counter-clockwise (Idrissi et al., 2022). 

In the literature, UAVs are mostly equipped with sensors 
for the purpose of detection of building cracks using 
computer vision and machine learning. N-Ho Kim et 
al. used a commercial UAV with high-resolution vision 
sensors for crack identification in ageing concrete bridges. 
The method generates a background model using point 
cloud data and deep learning algorithms. The UAV-based 
method is effective in detecting and quantifying cracks in 
various structures. These studies highlight the potential 
of UAVs and image-based computer vision in the field of 
crack detection (Phang et al., 2021;  Yang, 2023).

	 Previous studies in UAV-based crack detection have 
demonstrated the use of either visual sensors or range 
sensors in isolation. This research aims to synergize 
both sensor modalities—combining vision and range 
sensing—to enhance the detection and characterization 
of building cracks through aerial images.

Materials and Methods

Design and development of the drone

The UAV used in this research, as shown in Figure 1, 
is a custom-made quad-quaptor with a flight controller 
consisting of TM32F411CEU6 (Black Pill) as the micro-
controller. Sensors include MPU6050 for real-time 
angular velocity and linear acceleration measurements, 
BMP280 for altitude measurements based on 
barometric pressure, GY-271 for the measurements of 
the Earth’s magnetic field, and a Neo6M GPS module 
for positioning. A FlySky FS-i6 Transmitter is used for 
manual control of the UAV which utilizes the i-BUS 
protocol to communicate between the transmitter and 
the flight controller. The four 850 kV brushless motors 

 

Figure 1:	 Quad-quaptor developed in the research used for image 
acquisition
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were used to generate the thrust required for flight. The 
drone is powered by a 3300 mAh LiPo (lithium polymer) 
3S Battery. The Rev 1.3 camera features a 5-megapixel 
Omni-vision OV5647 sensor. It can capture still images 
up to 2592 x 1944 pixels, sufficient for most entry-
level image capture needs. The Raspberry Pi 3B+ was 
integrated into the drone as the central processing unit 
for camera operations. The 8MP Raspberry Pi Camera 
and two HC-SR04 ultrasonic sensors were connected to 
the Raspberry Pi, to detect and identify the presence of 
the crack. 

	 The HC-SR04 ultrasonic sensors, strategically 
positioned, continuously measured distances to nearby 
objects. These sensors emitted ultrasound bursts, which 
are reflected off the objects and returned. By analysing 
the time taken for the reflected ultrasound to reach the 
sensor, the distance was accurately determined. These 
distance values were crucial for real-time obstacle 
detection and navigation. The camera module captured 
visual information from the surroundings. It provided 
high-resolution images that aided in object recognition, 
scene analysis, and contextual awareness. To ensure 
efficient collaboration and real-time decision-making, 

both the distance measurements and captured images 
were shared with a database.

Design and development of the web application

The primary purpose of developing the web application 
is to enable real-time monitoring of building cracks 
from a ground station and share them with the relevant 
parties. The web application shown in Figure 2, 
developed using React, seamlessly integrates images 
captured by the Raspberry Pi and the corresponding 
average distances computed by the ultrasonic sensors, 
all of which are transmitted via Firebase. In addition, 
the GPS module supplies real-time location data. The 
web application effectively displays the received images 
and their corresponding distance measurements. This 
visual representation provides valuable insights into the 
drone’s surroundings and the accuracy of the distance 
measurements, enabling effective monitoring and 
analysis.

	 The presence of the crack is indicated as positive 
or negative in the dashboard of the web application as 
shown in Figure 3.
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application as shown in Figure 3.  

Figure 2:	 Interface of web application



Aerial crack detection in building structures	 277

Journal of the National Science Foundation of Sri Lanka 53(3)	 September 2025

assessment of structural cracks in buildings. Ultrasonic 
waves emitted by sonar sensors are designed to penetrate 
into cracks, resulting in an increased measured distance 
between the UAV and the building surface—an indication 
of the presence of a crack. Upon such detection, the 
vision sensor (camera) is activated to capture an image of 
the affected area. This dual-sensing approach minimizes 
unnecessary image capture in areas without structural 
damage, thereby significantly reducing computational 
load and enhancing system efficiency.

	 This experiment was carried out with a dataset 
consisting of images collected from different surfaces 
of buildings with the available background light.   The 
total dataset comprises 2,500 cracked and 2,500 non-
cracked images as shown in Figure 5. This dataset is 
partitioned into training, validation, and testing subsets 
to support the development and evaluation of the model. 
Specifically, 2,000 images from each class (cracked and 
non-cracked) are allocated for training purposes. For 
validation, 250 cracked and 250 non-cracked images are 
used, while the testing set also consists of 250 images. 
This balanced distribution across all subsets ensures fair 
and unbiased performance assessment during model 
training and evaluation. A customized convolutional 
neural network (CCNN) model was implemented, 
with its architectural design illustrated in Figure 4. 
The proposed model was developed by systematically 
fine-tuning various hyperparameters within the network 
architecture to optimize performance.
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Figure 3: Results of CCNN model on web application 
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Evaluation

Evaluation metrics such as precision, accuracy, F1-score, 
and confusion matrices have used in this research to 
assess the performance of the model.

	 Precision is an evaluation metric that measures the 
accuracy of positive predictions, indicating the model’s 
ability to correctly identify true positives among all 
instances labelled as positive. Meanwhile, accuracy 

11 
 

Altitude (m) Image Resolution (pixels) Clarity Score (0-10) Coverage Area (m²) 

10 2592 x 1944 9.5 25 

20 2592 x 1944 8.0 75 

30 2592 x 1944 7.0 150 

 

Image clarity decreases as the altitude increases as shown in Table 1. At 10 meters, the 

camera provided the best clarity with a score of 9.5, which is ideal for detecting fine details 

of the cracks. At 20 meters, the clarity score drops to 8.0; at 30 meters, it decreases to 7.0. 

This may result in some loss of detail, potentially making it harder to detect smaller cracks. 

As expected, coverage area increases significantly with altitude: 25 m² at 10 meters, 75 m² at 

20 meters, and 150 m² at 30 meters. Higher altitudes allow for covering larger areas in less 

time but at the reduction of image clarity. Image clarity and coverage area at different 

altitudes is shown at Figure 6. 

 

Figure 6: Image Clarity at Different Altitudes Data 

B. Area Coverage Analysis 

The camera's field of view remained consistent across all altitudes, providing a 53° horizontal 

angle. However, the coverage area of each image increased with the altitude, as shown in the 

Table 2. Line chart representing the area coverage at different altitudes is shown in Figure7. 

 

Figure 6:	 Image Clarity at Different Altitudes Data

Figure 5:	 (a): Non-cracked images and (b) cracked images
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5.1 Drone Performance Results 

This section showcases the evaluation of camera and image performance of the UAV 

developed for building crack detection. The drone's total payload, weighing 1405 g, includes 

a frame, flight controller with sensors, battery, enclosure, and propellers. This weight was 

carefully optimized to balance the drone's flight stability and power consumption.  

A. Image Clarity at Different Altitudes 

The camera's image clarity and coverage area performance were evaluated at varying 

altitudes to determine the optimal flying height for crack detection.  

The image resolution remained constant at 2592 x 1944 pixels across all tested altitudes, but 

clarity and coverage area varied based on altitude. 

Table 1: Image Clarity at Different Altitudes Data 
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carefully optimized to balance the drone's flight stability and power consumption.  
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altitudes to determine the optimal flying height for crack detection.  

The image resolution remained constant at 2592 x 1944 pixels across all tested altitudes, but 
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Table 1: Image Clarity at Different Altitudes Data 

quantifies the overall correctness of the model’s 
predictions across all classes or categories. The F1-score 
is a balanced measure of precision, and recall provides 
insight into the model’s capability in handling imbalanced 
datasets. 

	 Confusion matrices provide a comprehensive tabular 
representation of a model’s predictions against actual 
values, delineating true positives, true negatives, false 
positives, and false negatives. 

	 Model development and evaluation were conducted 
on a workstation with the following hardware and 
software configuration: RAM: 32 GB, CPU: Intel Core 
i7-11800H 2.30 GHz, and running a 64-bit Windows 11 
operating system. The implementation was carried out 
using Anaconda JupyterLab 3.6.5 (Python 3.10), utilizing 
Keras 2.12 and TensorFlow 2.12 libraries.

Results and Discussion

Drone performance results

This section showcases the evaluation of camera and 
image performance of the UAV developed for building 
crack detection. The drone’s total payload, weighing 
1405 g, includes a frame, flight controller with sensors, 
battery, enclosure, and propellers. This weight was 
carefully optimized to balance the drone’s flight stability 
and power consumption. 
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Altitude 
(m)

Image Resolution 
(pixels)

Clarity Score 
(0-10)

Coverage 
Area (m²)

10 2592 x 1944 9.5 25

20 2592 x 1944 8.0 75

30 2592 x 1944 7.0 150

Table 1:	 Image Clarity at Different Altitudes Data
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Table 2: Area Coverage Analysis Data 

Altitude (m) Field of View (degrees) Coverage Area (m²) 

10 53 25 

20 53 75 

30 53 150 

 

 

Figure 7: Line chart of area coverage at different altitudes  

5.2 Results of Deep learning models 

CCNN achieves an accuracy of 99%, showcasing its effectiveness in overall classification 

performance. CCNN exhibits a precision of 98% and 98% indicating a low false-positive rate 

in their predictions. CCNN attains recall at 98%, highlighting its ability to effectively capture 

a significant portion of true positive instances. CCNN achieves an F1 score of 98%, 

emphasizing a harmonious balance between precision and recall.  

The confusion matrices provide a detailed breakdown of the performance of Customized 

CNN (Figure 8), consisting of two classes: the actual class (rows) and the predicted class 

(columns). True Positives (TP) are 244; True Negatives (TN), 246; False Positives (FP), 4; 

and False Negatives (FN), 6. The model demonstrates exceptional performance with 

minimum false negatives, achieving a perfect balance between precision and recall. 
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Image clarity at different altitudes

The camera’s image clarity and coverage area 
performance were evaluated at varying altitudes to 
determine the optimal flying height for crack detection. 
The image resolution remained constant at 2592 x 1944 
pixels across all tested altitudes, but clarity and coverage 
area varied based on altitude.

	 Image clarity decreases as the altitude increases as 
shown in Table 1. At 10 meters, the camera provided 
the best clarity with a score of 9.5, which is ideal for 
detecting fine details of the cracks. At 20 meters, the 
clarity score drops to 8.0; at 30 meters, it decreases to 
7.0. This may result in some loss of detail, potentially 
making it harder to detect smaller cracks. As expected, 

coverage area increases significantly with altitude: 
25 m² at 10 meters, 75 m² at 20 meters, and 150 m² at 30 
meters. Higher altitudes allow for covering larger areas 
in less time but at the reduction of image clarity. Image 
clarity and coverage area at different altitudes is shown at 
Figure 6.

Area coverage analysis

The camera’s field of view remained consistent across all 
altitudes, providing a 53° horizontal angle. However, the 
coverage area of each image increased with the altitude, 
as shown in the Table 2. Line chart representing the area 
coverage at different altitudes is shown in Figure7.

Altitude (m) Field of View (degrees) Coverage Area (m²)

10 53 25

20 53 75

30 53 150

Table 2:	 Area coverage analysis data
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Results of deep learning models

CCNN achieves an accuracy of 99%, showcasing its 
effectiveness in overall classification performance. 
CCNN exhibits a precision of 98% and 98% indicating a 
low false-positive rate in their predictions. CCNN attains 
recall at 98%, highlighting its ability to effectively capture 
a significant portion of true positive instances. CCNN 
achieves an F1 score of 98%, emphasizing a harmonious 
balance between precision and recall.

	 The confusion matrices provide a detailed breakdown 
of the performance of customized CNN (Figure 8), 
consisting of two classes: the actual class (rows) and 
the predicted class (columns). True positives (TP) are 
244; true negatives (TN), 246; false positives (FP), 4; 
and False Negatives (FN), 6. The model demonstrates 
exceptional performance with minimum false negatives, 
achieving a perfect balance between precision and 
recall.

Conclusion

In conclusion, this research embarks on an innovative 
exploration of an advanced approach to building crack 
detection. This research proposed an approach, leveraging 
both vision and non-visual sensors, to detect cracks 
through a comprehensive examination of the limitations 
in conventional image processing and the computational 
challenges of the deep learning model.  The experiment, 
conducted with a UAV-mounted camera and sonar 
sensors, exemplifies the practical implementation of 
these methodologies. The customized deep CNN model  
underlines the significance of a tailored approach in 
achieving precision-driven building crack inspection. 
The resuts obtained from this research are compared 
with the state-of-art research (Ali et al., 2021; Słoński, 
2019; Fang et al., 2020).The findings of this research 
contribute not only to the theoretical understanding of 
deep learning applications in infrastructure assessment 
but also provide practical insights for the deployment of 
UAVs for building crack detection. 

	 To further improve this research, several 
enhancements can be considered. First, implementing a 
feature that automatically schedules maintenance tasks 
based on the detected cracks and their severity. Second, 
extending the system’s capabilities to detect cracks in 

The provided ROC curve and corresponding area under 
the curve (AUC) values offer a concise assessment of 
the classification performance for Customized CNN 
as shown in Figure 9. The ROC curve for customized 
CNN exhibits the highest performance, as reflected by 
the high AUC value of 0.99. This signifies that the model 
achieves an exceptional balance between true positive 
rate and false positive rate across various classification 
thresholds. The curve’s proximity to the upper-left corner 

underscores the model’s robust discriminative ability, 
indicating superior classification accuracy.
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various types of structures beyond buildings, such as 
bridges and pavements, can broaden its applicability and 
utility. Further, it is expected to identify the features of 
the detected crack and classify them accordingly. The 
outlined deep learning techniques, experimental results, 
and model evaluations collectively contribute to the 
evolving landscape of accurate and efficient building 
crack detection.
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This study presents a comprehensive performance evaluation 
of a lab-scale upflow anaerobic sludge blanket (UASB) 
reactor for treating landfill leachate under ambient temperature 
conditions (28 - 32°C), representative of tropical climates. 
The reactor was operated continuously for 94 days with real 
landfill leachate, investigating the system’s treatment efficiency 
across varying hydraulic retention times (HRTs) from 6 to 
10 h. Key performance indicators, including organic matter 
removal, biogas production, and heavy metal reduction, were 
systematically analyzed. The results demonstrated optimal 
treatment performance at 6 h HRT, achieving 64 ± 1% COD 
removal efficiency with a concomitant high methane yield of 
86.1 ± 1.1% in the produced biogas. The reactor maintained 
stable operational conditions, with pH in the range 6.2 - 7.5 
and oxidation-reduction potential consistently below -200 
mV, confirming effective anaerobic digestion under ambient 
temperature conditions. Heavy metal removal efficiencies 
varied significantly, with maximum removal observed for 
lead (55 ± 1%) and chromium (47 ± 1%), while suspended 
solids removal reached 66% for total suspended solids (TSS) 
and  and 29% for volatile suspended solids (VSS). The study 
provides critical insights into the applicability of UASB 
technology for landfill leachate treatment in tropical regions, 
highlighting both its strengths in organic load reduction and 
limitations in comprehensive contaminant removal under 
ambient temperature operation. The findings contribute to 
the development of sustainable, climate-appropriate leachate 
treatment solutions for regions with limited resources.

Keywords: Ambient temperature treatment, anaerobic 
digestion, landfill leachate, tropical climate, UASB reactor, 
wastewater treatment.

INTRODUCTION

Sanitary landfilling remains one of the most widely 
adopted methods for municipal solid waste (MSW) 
disposal due to its economic feasibility and environmental 
advantages when properly managed (Sewwandi 
et al., 2011). However, a critical environmental concern 
associated with landfills is the generation of leachate, 
a highly contaminated wastewater that results from the 
percolation of rainwater through degrading solid waste. 
Leachate, characterized by high concentrations of organic 
matter, heavy metals, ammonium, and other pollutants, 
poses a significant threat to groundwater and adjacent 
surface water bodies. This risk is particularly pronounced 
in developing nations. For instance, studies in Sri Lanka 
have highlighted the substantial risk of contamination of 
soil and water bodies like rivers (Shayan et al., 2020) 
by heavy metals from open dumpsites (Sewwandi et al., 
2011). As a developing country, Sri Lanka faces the 
persistent challenge of implementing a comprehensive 
solid waste management strategy that includes effective 
leachate treatment systems.



284		  HPDU Iroshani et al.

September 2025	 Journal of the National Science Foundation of Sri Lanka 53(3)

The physicochemical characteristics of leachate 
are highly variable and are typically assessed using 
parameters such as chemical oxygen demand (COD), 
biological oxygen demand (BOD), pH, total suspended 
solids (TSS), total kjeldahl nitrogen (TKN), and total 
phosphorus (TP). This variability is influenced by several 
factors, including landfill age, climatic and seasonal 
variations, and the composition of the deposited waste 
(Ifeanyichukwu, 2008). Notably, the age of a landfill can 
lead to significant variations in leachate composition, 
which in turn complicates the selection and design of 
treatment technologies (Baig et al., 1999).

	 The treatment of landfill leachate is notoriously 
difficult due to the presence of high concentrations 
of organic, inorganic, and inhibitory compounds, 
particularly ammonia. High ammonia levels can severely 
impede biological treatment processes. For example, 
Yuzer et al. (2012) demonstrated that increasing ammonia 
concentrations in an anaerobic digestion system caused 
COD and BOD removal efficiencies to plummet from 
95% to as low as 15%.

	 Various biological treatment methods, including 
aerobic, anaerobic, and hybrid systems, have been 
investigated for leachate management. Anaerobic 
processes are often considered more effective for high-
strength wastewater streams like leachate, owing to 
their lower operational costs and significantly lower 
sludge production, approximately 5–10% of that from 
aerobic systems (Karthikeyan & Kandasamy, 2009). 
To overcome the limitations of conventional anaerobic 
reactors, high-rate configurations have been developed. 
Among these, the up-flow anaerobic sludge blanket 
(UASB) reactor is a promising technology for treating 
high-strength wastewater. The UASB system utilizes a 
suspended blanket of granular sludge to efficiently entrap 
and degrade contaminants.

	 According to established design principles for 
high-rate anaerobic systems, UASB reactors are 
engineered to operate within specific performance 
envelopes. As detailed in seminal texts like Metcalf 
& Eddy’s Wastewater Engineering: Treatment and 
Reuse (2004), typical design norms for treating high-
strength industrial wastewaters under mesophilic 
conditions include organic loading rates (OLRs) ranging 
from 10 to 25 g-COD/L/d and expected COD removal 
efficiencies of 70–85%. Performance in tropical climates 

is often comparable, though it can be influenced by the 
unique characteristics of the waste stream, such as the 
high proportion of refractory organics found in mature 
leachate (Kurniawan et al., 2006). For instance, research 
on UASB treatment of landfill leachate in Brazil reported 
COD removals of 65-80% at OLRs between 8 and 16 g-
COD/L/d (de Lemos Chernicharo, 2007), while studies 
in India on stabilized leachate showed efficiencies closer 
to 55-65% (Tatoulis et al., 2017). These benchmarks 
provide a critical framework for evaluating the feasibility 
and efficacy of new applications.

	 In tropical regions, ambient temperature is a crucial 
parameter affecting the efficiency of anaerobic treatment 
(Wasala et al., 2024). While optimal performance is often 
achieved under thermophilic conditions (45 °C - 60 °C), 
this would necessitate heating the wastewater, thereby 
incurring additional operational costs (Wasala et al., 
2011). Sri Lanka’s tropical climate provides an average 
ambient temperature between 20 °C and 35 °C, which 
aligns with the mesophilic range for anaerobic digestion. 
This presents an opportunity to develop cost-effective 
treatment systems that operate efficiently without external 
heating.

	 Building upon this premise, preliminary research 
at the University of Ruhuna, Sri Lanka, developed 
a lab-scale UASB reactor (Wasala et al., 2024) and 
demonstrated its potential for treating synthetic leachate 
under ambient temperatures, achieving an 80% COD 
removal efficiency (Fonseka et al., 2015). The present 
study is a direct continuation of this work, aiming to 
validate the applicability of the UASB reactor for treating 
real-world leachate. The leachate for this investigation 
is sourced from a 20-year-old municipal open dumpsite 
located near a natural water stream in Sri Lanka.

	 Given that treatment efficiencies are highly dependent 
on local climatic conditions and that there is a documented 
lack of appropriate on-site leachate treatment methods 
in Sri Lanka (Sewwandi et al., 2011), it is imperative 
to investigate solutions that are both cost-effective   
and suitable for the region. Therefore, the objective of 
this research is to optimize the operational parameters 
of a UASB reactor for the treatment of mature landfill 
leachate under the ambient tropical climatic conditions 
of Sri Lanka and to benchmark its performance against 
both established design norms and findings from similar 
research.
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MATERIALS AND METHODS

Experimental setup and operational conditions

Analytical methods

A comprehensive suite of analytical methods was 
employed to monitor reactor performance and 
characterize the leachate. BOD was measured using the 
BOD Apparatus, and COD was quantified using the Hach 
method with a DR 1900-01 spectrophotometer. Key 
electrochemical parameters, including pH and oxidation-
reduction potential (ORP), were continuously monitored 
using a PHC301 pH electrode and an MTC101 ORP 
probe, respectively, while temperature was measured with 
a standard laboratory thermometer. The concentrations 
of selected heavy metals (Pb, Hg, Cr, Cd, As, and Fe) 
were determined via inductively coupled plasma optical 
emission spectroscopy (ICP-OES).

	 Biogas composition (CH₄, CO₂, N₂, O₂, and H₂) in the 
reactor headspace was analyzed using a gas chromatograph 
(Gasboard 3200L, Hubei-Ruiyi Instrument Co. Ltd.) 
(Wasala et al., 2024). The daily biogas production 
volume was quantified by collecting the cumulative gas 
in a sealed bag and measuring its volume via the water 
displacement method. To ensure data robustness, the 
average gas production rate for each HRT was calculated 
from six replicate 24 h measurements. A consistent 
water column was used for all volumetric determinations 
to minimize measurement errors associated with gas 
dissolution.

	 Finally, total suspended solids (TSS) and volatile 
suspended solids (VSS) were determined gravimetrically 
in accordance with standard methods.

RESULTS AND DISCUSSION

Key operational parameters, including pH, temperature, 
and ORP, were monitored daily to assess the stability of 
the reactor environment. As illustrated in Figure 2, the pH 
of the influent leachate varied between 7.5 and 8.5, while 
the internal pH of the UASB reactor was consistently 
maintained within a stable range of 7.0 to 7.5. 

	 This operational pH is significant, as it is directly 
influenced by the concentrations of ammonium ions 
and volatile fatty acids. The observed range is highly 
favorable for anaerobic processes, particularly for 
methanogenic Archaea, which exhibit optimal activity 
between pH 6.8 and 7.2 (Gerardi, 2003). The inherent 
buffering capacity of the system allowed the reactor to 
operate continuously within this ideal range without any 
external pH correction, supporting both acidogenic and 
methanogenic microbial populations.
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The experiment was conducted in a custom-fabricated, lab-scale Up-flow Anaerobic Sludge 
Blanket (UASB) reactor, constructed from Perspex with a height of 60 cm, an internal 
diameter of 10 cm, and a working volume of 5 L (Figure 1). To ensure uniform influent 
distribution, the base of the reactor was fitted with a conical funnel leading to the inlet valve. 
Leachate was introduced from the bottom, while the top of the reactor was equipped with 
two separate valves for the collection of headspace biogas and the withdrawal of treated 
effluent. An additional sampling port on the reactor body allowed for the collection of 
mixed liquor samples during operation. 
To minimize the microbial lag phase, the reactor was inoculated with 1 L of anaerobic 
granular sludge, characterized by a total solids (TS) concentration of 29 g/L and a volatile 
solids (VS) concentration of 23 g/L. A variable displacement peristaltic pump (Biobase, 

Figure 1:	 Schematic diagram of the UASB reactor

The experiment was conducted in a custom-fabricated, 
lab-scale up-flow anaerobic sludge blanket (UASB) 
reactor, constructed from perspex with a height of 60 cm, 
an internal diameter of 10 cm, and a working volume of 
5 L (Figure 1). To ensure uniform influent distribution, 
the base of the reactor was fitted with a conical funnel 
leading to the inlet valve. Leachate was introduced from 
the bottom, while the top of the reactor was equipped 
with two separate valves for the collection of headspace 
biogas and the withdrawal of treated effluent. An 
additional sampling port on the reactor body allowed for 
the collection of mixed liquor samples during operation.
To minimize the microbial lag phase, the reactor was 
inoculated with 1 L of anaerobic granular sludge, 
characterized by a total solids (TS) concentration of 
29 g/L and a volatile solids (VS) concentration of 23 
g/L. A variable displacement peristaltic pump (Biobase, 
Model BT 600M, China) continuously delivered the raw 
leachate influent. The pump’s flow rate was maintained 
between 8.5 and 14 mL/min to achieve hydraulic retention 
times (HRT) ranging from 6 to 10 h. The experiment was 
operated continuously over a period of 94 days. Raw 
leachate was sourced from a local municipal landfill 
on a weekly basis and stored in a plastic feed reservoir 
connected to the pump inlet.
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Figure 3 presents the ambient temperature and ORP 
profiles recorded throughout the experiment. The reactor 
was operated under ambient conditions without thermal 
regulation, resulting in an internal temperature that 
fluctuated between 28 °C and 32 °C, with an average of 
30 °C. Crucially, the ORP values remained consistently 
below -200 mV throughout the study, confirming 
that strictly anaerobic conditions were successfully 
established and maintained within the reactor.

BOD and COD removal efficiency

The reactor’s performance was evaluated by 
systematically varying the OLR, controlled by adjusting 
the influent flow rate to alter the HRT. Throughout 
the study, the OLR was incrementally increased from 

51.06 g-COD/L/d to 144.19 g-COD/L/d to identify 
the system’s operational limits. The influent, sourced 
from a mature landfill, was characterized as a high-
strength wastewater stream with average BOD₅ and 
COD concentrations of 7,918 mg/L and 23,625 mg/L, 
respectively. The resulting BOD₅/COD ratio was 0.34. 
This ratio can vary depending on the age of the landfill, 
and a value around 0.34 is typically observed in medium-
aged leachates (5–10 years old), as reported by Bardi 
et al. (2017) and Ren et al. (2017).

	 As detailed in Figure 4, a clear performance peak was 
identified at an HRT of 6 h, corresponding to an OLR of 
87.89 g-COD/L/d. Under these optimal conditions, the 
reactor achieved a maximum BOD5 and COD removal 
efficiency of 69 ± 1% and 64 ± 1% respectively, and the 
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most substantial absolute BOD5 and COD reduction (a 
mean of BOD5 is 3,942 mg/L and COD is 11,620 mg/L). 
This demonstrates the reactor’s robust capacity for treating 
this challenging effluent under ambient tropical 
conditions. However, a critical operational threshold 

was observed: when the OLR was increased beyond this 
optimum, BOD5 and COD removal efficiency decreased 
markedly. This trend aligns with previous findings where 
high loading rates lead to system instability, often termed 
shock loading (Satoh et al., 2017).
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Figure 3 presents the ambient temperature and ORP profiles recorded throughout the 
experiment. The reactor was operated under ambient conditions without thermal regulation, 
resulting in an internal temperature that fluctuated between 28°C and 32°C, with an average 
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As detailed in Figure 4, a clear performance peak was identified at an HRT of 6 h, Figure 4:	 BOD5 and COD removal efficiencies variation with HRT

To evaluate the significance of these results, the reactor’s 
performance was benchmarked against established 
design norms and similar research. Notably, the optimal 
OLR of 87.89 g-COD/L/d is substantially higher than the 
typical design range of 10–25 g-COD/L/d recommended 
by Metcalf and Eddy (2004) for high-strength anaerobic 
treatment. This exceptional loading capacity can be 
attributed to the well-acclimatized granular sludge, which 
demonstrated a remarkable ability to process the high 
substrate flux from the extremely concentrated leachate.

	 Furthermore, the  69% BOD5 and 64% COD removal 
efficiency is highly competitive when compared to 
studies on similar stabilized or mature leachates in 
tropical regions. For example, Sponza and Ağdağ (2004) 
reported 62% COD removal from mature leachate, but at 
a much lower OLR of 12 g-COD/L/d. Similarly, Tatoulis 
et al. (2017) observed approximately 58% COD removal 
from stabilized leachate. The ability of our reactor 

to achieve a comparable efficiency at a significantly 
higher OLR highlights the robust metabolic activity of 
the microbial consortium established under Sri Lankan 
ambient conditions.

	 This comparative analysis confirms that while 
operating outside conventional OLR parameters, the 
UASB reactor provides effective treatment for highly 
concentrated, mature landfill leachate. The 64% COD 
removal achieved at ambient tropical temperatures, 
without supplementary heating, represents a viable 
and energy-efficient first-stage treatment, validating its 
potential for application in Sri Lanka and similar climatic 
regions. The sharp decline in performance beyond the 
6-hour HRT, however, underscores the importance 
of maintaining the OLR below this critical threshold 
to prevent overloading and process failure, a finding 
corroborated by the biogas analysis.
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Bio gas production

Biogas production and composition were systematically 
quantified for each HRT. As illustrated in Figure 5, the 
average biogas production rate varied with operational 
time, corroborating the COD removal profile. A 

maximum specific production rate of 23.35 ± 0.42 mL/
h/L was achieved at the optimal HRT of 6 h, while the 
average rate across all conditions was 16.76 ± 0.85 mL/
h/L. Decreasing the HRT below the 6 h optimum resulted 
in a corresponding decline in biogas generation.

HRT (hr.) H2 (ppm)
Gas concentration (%)

N2 CH4 CO2

10 - 11.52 ± 2.77 82.99 ± 2.82 5.49 ± 0.65

7 - 10.31 ± 1.94 84.63 ± 1.26 5.06 ± 0.99

6 - 8.03 ± 1.24 86.11 ± 1.10 5.85 ± 0.89

5 137 ± 8 19.31 ± 0.42 68.32 ± 0.56 12.38 ± 0.39

4 252 ± 5 18.70 ± 0.84 73.16 ± 0.80 8.14 ± 0.14

Table 1:	 Headspace biogas composition variation with HRT
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The stability of the anaerobic process was further 
assessed by monitoring trace gas concentrations, as 
detailed in Table 1. The presence of H₂ in the headspace 
is a critical indicator of metabolic balance. As noted by 
Satoh et al. (2017), low H₂ partial pressure is essential for 
the syntrophic degradation of propionate and n-butyrate, 
and stress conditions such as short HRTs can lead to H₂ 
accumulation and subsequent process inhibition. In this 

study, operation at shorter HRTs (4 and 5 h) corresponded 
with an increase in H₂, N₂, and CO₂ concentrations, 
alongside a decrease in CH₄ percentage. The sudden 
increase in H₂ concentration to 252 ppm at the 4 h HRT 
suggests the system was approaching its metabolic 
equilibrium limit, indicating that further reductions in 
HRT would risk inducing an inhibitory state.
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This observation is consistent with the findings of Pauss 
et al. (1990), who identified dissolved H₂ as a growth-
limiting factor for acetogenic bacteria, which require 
its continuous removal by methanogens to maintain 
thermodynamic favorability. If the process is disrupted, 
competition for H₂ and acetate can intensify, particularly 
from sulphate-reducing bacteria, potentially leading to 
process failure. The low concentrations of N₂ detected 
(Table 1) are likely attributable to the release of dissolved 
nitrogen from the influent or the decomposition 
of nitrogenous compounds by non-methanogenic 
microorganisms.

	 Analysis of the biogas composition reveals that 
CH₄ was the predominant component across all tested 
HRTs. The CH₄ content varied with the HRT, reaching 

a maximum of 86.11 ± 1.10% at the 6 h HRT. This high 
methane yield indicates that the biogas produced under 
optimal conditions possesses a significant calorific 
value, reinforcing the selection of a 6 h HRT as the most 
effective operational parameter.

Removal of heavy metals 

The role of heavy metals in anaerobic digestion is 
complex; while trace concentrations are essential for 
the activation of microbial enzymes and co-enzymes, 
higher concentrations can exert stimulatory, inhibitory, 
or toxic effects depending on the metal species and its 
bioavailability (Mudhoo & Kumar, 2013). Consequently, 
the reactor’s capacity for heavy metal removal was 
evaluated specifically at the optimal HRT of 6 h.
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that under the near-neutral pH conditions typical of anaerobic digesters, heavy metals tend 
to precipitate as insoluble sulphides, phosphates, and hydroxides (Berrueta & Castrillón, 
1992; Kjeldsen et al., 2002). Evidence of this sequestration mechanism was confirmed by 
the post-treatment analysis of the reactor biomass, which showed a significant accumulation 
of heavy metals within the granular sludge (Table 2). 
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Heavy Metals Influent (mg/L)
Initial granule 

(mg/L)
Effluent of UASB 

(mg/L)
Granule + Sludge 

(inside UASB (mg/L)

Pb 0.030 ± 0.002 0.011 ± 0.001 0.014 ± 0.002 0.676 ± 0.077

Hg 0.050 ± 0.002 0.000 ± 0.001 0.047 ± 0.002 0.144 ± 0.023

Cr 0.109 ± 0.002 0.032 ± 0.002 0.057 ± 0.003 2.116 ± 0.089

Cd 0.005 ± 0.001 0.002 ± 0.001 0.004 ± 0.001 0.041 ± 0.002

As 0.036 ± 0.002 0.002 ± 0.001 0.025 ± 0.002 0.467 ± 0.033

Fe 18.083 ± 0.072 0.732 ± 0.002 13.98 ± 0.06 169.80 ± 18.66

Table 2:	 Heavy metal content variation with treatment
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Figure 7:	 TSS and VSS removal efficiencies variation with HRT

 12

 
Figure 7: TSS and VSS removal efficiencies variation with HRT 

 
The influent leachate was characterized by high concentrations of TSS and VSS, with 
average values of 13,161 ± 1,864 mg/L and 4,495 ± 711 mg/L, respectively. The removal 
efficiencies for these solids across various HRTs are illustrated in Figure 7. A maximum 
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removal of 29% was observed at an HRT of 7 h. Overall, the average removal efficiencies 
for TSS and VSS were 48% and 23%, respectively, indicating that the UASB reactor 
demonstrated modest efficacy for suspended solids removal from the liquid phase. 
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Conversely, a post-treatment analysis of the reactor biomass (Table 3) revealed a significant 
accumulation of both TSS and VSS within the granular sludge. This phenomenon can be 
attributed to a combination of the physical adsorption of suspended solids onto the granule 
surfaces and the concurrent generation of new biomass. The substantial increase in VSS is 
particularly significant; as reported by Risvi et al. (2013), an increase in VSS is a clear 
indicator of active biomass proliferation, given that over 90% of VSS typically comprises 
viable microbial cells, with the remainder being attributed to non-biodegradable volatile 

As detailed in Table 2, the influent leachate contained 
relatively low concentrations of most target metals, with 
the notable exception of Fe. However, low aqueous-phase 
concentrations in leachate do not necessarily imply an 
absence of metals in the waste. It is well-established that 
under the near-neutral pH conditions typical of anaerobic 
digesters, heavy metals tend to precipitate as insoluble 
sulphides, phosphates, and hydroxides (Berrueta & 
Castrillón, 1992; Kjeldsen et al., 2002). Evidence of this 
sequestration mechanism was confirmed by the post-

treatment analysis of the reactor biomass, which showed 
a significant accumulation of heavy metals within the 
granular sludge (Table 2).

	 The overall removal efficiencies are presented in 
Figure 6. The system demonstrated the highest efficacy 
for Pb and Cr, with removal rates of 55 ± 1% and 47 ± 
1%, respectively. In contrast, the UASB reactor was less 
effective for Cd, As, and Fe, while the removal of Hg was 
minimal at just 7 ± 1%.

Removal efficiencies of (TSS) and volatile suspended 
solids (VSS)

The influent leachate was characterized by high 
concentrations of TSS and VSS, with average values of 
13,161 ± 1,864 mg/L and 4,495 ± 711 mg/L, respectively. 
The removal efficiencies for these solids across various 

HRTs are illustrated in Figure 7. A maximum TSS removal 
of 66% was achieved at the optimal HRT of 6 h, whereas 
the peak VSS removal of 29% was observed at an HRT 
of 7 h. Overall, the average removal efficiencies for TSS 
and VSS were 48% and 23%, respectively, indicating 
that the UASB reactor demonstrated modest efficacy for 
suspended solids removal from the liquid phase.

Table 3:	 TSS and VSS variation of granules initially and after the treatment

  TSS (mg/L) VSS (mg/L)

Inoculated Granules 28832 ± 17 22737 ± 21

After treatment  
(In UASB reactor)

Granular 34654 ± 26 27381 ± 24

Sludge 35602 ± 17 27667 ± 20
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Conversely, a post-treatment analysis of the reactor 
biomass (Table 3) revealed a significant accumulation 
of both TSS and VSS within the granular sludge. This 
phenomenon can be attributed to a combination of 
the physical adsorption of suspended solids onto the 
granule surfaces and the concurrent generation of new 
biomass. The substantial increase in VSS is particularly 
significant; as reported by Risvi et al. (2015), an increase 
in VSS is a clear indicator of active biomass proliferation, 
given that over 90% of VSS typically comprises viable 
microbial cells, with the remainder being attributed to 
non-biodegradable volatile solids and cellular debris.

	 The evaluation of VSS/TSS ratio and OLR provided 
critical insights into the reactor’s performance, 
revealing an average VSS/TSS ratio of 0.79 ± 0.05 that 
inversely correlated with increasing OLR, indicating 
robust microbial activity at optimal loading conditions 
(87.89 g-COD/L/d at 6 h HRT) but showing stress 
signs (ratio dropping to 0.73) at higher OLRs (144.19 
g-COD/L/d). The system demonstrated remarkable 
resilience to common inhibitory factors, maintaining 
stable operation despite high ammonia levels (1,240 
– 1,850 mg/L) through gradual biomass acclimatization 
and sufficient alkalinity buffering, while heavy metal 
effects were mitigated via sulphide precipitation and 
metal partitioning. Performance comparison showed 
the ambient-temperature UASB achieved competitive 
COD removal (64%) versus thermophilic systems, 
while avoiding energy-intensive heating. However, 
clear operational limits emerged at OLRs >90 g-COD/
L/d, evidenced by 32% decreased methanogenic activity, 
VFA accumulation (1,450 mg/L propionate), and sludge 
washout. The VSS/TSS ratio proved to be a reliable 
bioindicator, with values >0.75 correlating with stable 
performance under these tropical ambient conditions, 
demonstrating the system’s effectiveness within defined 
loading ranges while highlighting the need for OLR 
control to prevent overloading.

CONCLUSION

This study successfully demonstrated that a UASB 
reactor, operating under ambient tropical temperatures 
(28–32°C) without external heating, is a highly effective 
and robust technology for the first-stage treatment of high-
strength, mature landfill leachate. The system achieved 
exceptional performance at an HRT of 6 h, corresponding 
to an OLR of 87.89 g-COD/L/d. At this peak, the reactor 
yielded a competitive 64% COD and 69% BOD₅ removal 
efficiency. This performance is particularly noteworthy as 
the operational OLR far exceeds the conventional design 

range of 10–25 g-COD/L/d, highlighting the remarkable 
capacity of the acclimatized granular sludge. This 
efficiency was directly corroborated by biogas analysis, 
which showed a maximum specific production rate of 
23.35 mL/h/L and a peak methane content of 86.11%, 
underscoring the potential for valuable energy recovery.
The reactor’s stability was underpinned by its inherent 
buffering capacity, which maintained an ideal internal 
pH (7.0 – 7.5) for methanogenesis without chemical 
intervention, and its proven resilience to high ammonia 
concentrations. However, the research identified a clear 
operational boundary. Increasing the OLR beyond 
90 g-COD/L/d (HRT < 6 h) led to a sharp decline in 
performance, marked by VFA accumulation, a 32% 
decrease in methanogenic activity, and a rise in H₂ gas 
concentration, a key indicator of metabolic stress and 
impending process failure. Furthermore, the VSS/TSS 
ratio proved to be a reliable bioindicator of system health, 
with a stable ratio above 0.75 correlating with optimal 
performance and a drop to 0.73 signaling overloading.

	 Regarding co-contaminant removal, the UASB 
reactor functions primarily as a sequestration system. It 
demonstrated moderate efficacy for heavy metals, with 
the highest removal observed for Pb (55 ± 1%) and Cr 
(47 ± 1%) through precipitation and accumulation within 
the sludge biomass. Conversely, removal was limited for 
Cd, As, and Fe, and minimal for Hg (7 ± 1%). Similarly, 
the system showed modest removal of suspended solids 
from the liquid phase.

	 In summary, the ambient-temperature UASB reactor 
is a viable solution for organic load reduction from mature 
landfill leachate in tropical regions. Its success hinges on 
maintaining the OLR below the critical threshold of 90 g-
COD/L/d. While it effectively purifies the liquid effluent, 
the process concentrates heavy metals and solids into the 
sludge, necessitating proper management and disposal of 
this secondary waste stream.
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Abstract: This study systematically investigates the thin-layer 
drying kinetics of coffee (Coffea arabica) cherries during hot air 
drying, with experiments conducted at four distinct temperatures: 
40 °C, 60 °C, 80 °C, and 100 °C. A comprehensive analysis 
was performed using ten widely recognized mathematical 
models: Newton, Page, Modified Page, Henderson and Pabis, 
Logarithmic, Two-Term, Exponential Two-Term, Diffusion 
Approximation, Midilli, and Singh to model the experimental 
moisture ratio data and characterize drying behavior. The drying 
process was characterized by a predominant falling rate period, 
indicating that internal moisture diffusion governs the kinetics. 
Among the models evaluated, the Midilli model best fits the 
experimental data, achieving the highest R2 (0.9952 at 40 °C, 
0.9973 at 60 °C, 0.9994 at 80 °C, and 0.9995 at 100 °C) and 
the lowest RMSE values (0.0793% at 40 °C, 0.2092% at 60 °C, 
0.0624% at 80 °C, and 0.0868% at 100 °C). Furthermore, 
the effective moisture diffusivity increased significantly with 
temperature, ranging from 1.154 × 10⁻⁷ m²s-1 at 40 °C to 8.939 
× 10⁻⁷ m²s-1 at 100 °C. The corresponding activation energy 
for the drying process was calculated as 32.36 kJ mol-1. The 
L*

 value (lightness) decreased consistently as the temperature 
increased. The findings of this study advance the understanding 
of coffee cherry drying kinetics under hot air conditions and 
offer practical insights for optimizing drying parameters. This 
research contributes a robust framework for designing and 
controlling industrial drying processes, ultimately enhancing 
product quality and energy efficiency in coffee production. 
The implications of these results are significant for scaling 
up operations and reducing energy consumption in drying 
systems.

Keywords: Coffee, drying, midilli model, moisture diffusivity, 
thin layer drying.

INTRODUCTION

Coffee is one of the world’s most cherished beverages, 
celebrated for its unique aroma and rich flavour. In 2024, 
the global coffee market was valued at USD 97.71 billion, 
with projections indicating growth to USD 102.98 billion 
by 2025 and reaching USD 156.85 billion by 2033, 
a compound annual growth rate of 5.4% from 2025 to 
2033 (Straits Research, 2025). Various products fuel this 
expansive market, including roasted, instant, and ready-
to-drink coffees. Recent analyses show robust global 
consumption, with European consumers accounting 
for a significant market share (International Coffee 
Organization [ICO], 2022). The beverage’s popularity 
largely stems from its unique organoleptic properties, 
which are closely tied to postharvest processing 
techniques. Processes such as cherry harvesting, de-
pulping, fermentation, drying, and storage initiate 
complex chemical transformations in green coffee beans, 
ultimately shaping the quality of the final brew (Huch & 
Franz, 2015; Sunarharum et al., 2014).

	 Following harvest, coffee cherries undergo primary 
processing through one of three main methods: natural 
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drying, wet processing, or semi-dry processing (Elhalis 
et al., 2023). The choice of method and its duration 
depend on factors such as available resources, climatic 
conditions, and the intended quality of the final product. 
The natural drying method involves non-selective 
harvesting, either by hand or with machinery, followed by 
spreading the cherries on drying surfaces or the ground 
under direct sunlight for approximately 20 to 30 days. 
During this period, moisture content gradually reduces 
from 60-65% wet basis (wb) to around 12% (Silva et al., 
2000). Mechanical dryers can be used independently or 
in combination with solar drying to accelerate the drying 
process. However, precise control of the drying process 
is necessary, as excessive or inadequate drying can lead 
to chemical changes in the beans, ultimately influencing 
the quality of the final coffee product (Do Carmo et al., 
2020).

	 Drying is a crucial preservation method that reduces 
the moisture content of agricultural products, thereby 
lowering shipping costs and storage space requirements. 
In the case of coffee cherries, various drying techniques 
have been adopted to optimize efficiency and product 
quality. While traditional sun drying remains widely 
used, recent studies have explored alternative methods 
of drying. For instance, Deeto et al. (2018) demonstrated 
the effectiveness of solar drying for coffee cherries, and 
convective drying has been thoroughly investigated by 
Burmester and Eggers (2010), Nilnont et al. (2012), and 
Muhidong et al. (2013). Firdissa et al. (2022) reported 
that coffee beans processed using the semi-washed 
method and dried under natural sunlight and solar 
tunnel conditions achieved a specialty coffee Grade of 
Q1. Innovative approaches such as heat pump drying 
(Fernando et al., 2021) and microwave drying (Ghosh 
& Venkatachalapathy, 2014) have emerged, offering 
promising alternatives to conventional techniques. These 
novel methods have the potential to enhance drying 
efficiency, improve product quality, and reduce energy 
consumption, making them valuable for modern coffee 
processing applications.

	 According to the American Society of Agricultural 
and Biological Engineers (ASABE) (2022), a thin layer is 
a uniformly thick layer of material exposed to air during 
drying, typically comprising no more than three layers 
of individual particles. This configuration facilitates 
the analysis of simultaneous heat and mass transfer 
processes during drying. Thin-layer drying has recently 
been studied by Salehi et al. (2024) for eggplant and 
Wang et al. (2024) for pelleted feed. While Phitakwinai 
et al. (2019) examined the thin-layer drying behavior of 
parchment coffee, the drying characteristics of coffee 
cherries under similar conditions remain unexplored. 

Consequently, this study aims to quantify the moisture 
transfer rate of coffee cherries across various temperature 
ranges using thin-layer drying data applicable to both 
drying and roasting processes. A best-fit mathematical 
model was utilized to develop a relationship for the 
drying coefficients of coffee cherries, and further analyses 
estimated the moisture diffusivity and activation energy 
of fresh coffee cherries. The findings from this research 
are expected to inform the design of a hot-air dryer for 
coffee cherries and provide recommendations for optimal 
drying conditions and process control.

MATERIALS AND METHODS

Coffee cherries

Freshly harvested Coffea arabica cherries were collected 
from plantations in Kandy, Sri Lanka (7.2906° N, 
80.6337° E; approximately 500 m above sea level). 
The coffee cherries were visually examined to confirm 
uniform ripeness and manually cleaned to remove 
foreign material and defective fruits before conducting 
hot-air drying experiments. 

Drying procedure

Drying experiments were carried out using a gravity 
convection laboratory oven (Fisher Scientific Econotemp 
Model 55G, USA). A thin layer (single layer) of coffee 
cherries was dried at four controlled temperatures: 40 °C, 
60 °C, 80 °C, and 100 °C. The oven was preheated for 
one hour before each run to ensure thermal stability 
and steady-state conditions. While the oven provided 
precise temperature control, it lacked active airflow and 
humidity regulation. As a result, internal air velocity 
and relative humidity were not measured and may have 
fluctuated during the drying process. Nevertheless, 
gravity convection ovens are commonly used in thin-
layer drying studies where temperature is the dominant 
parameter, and the setup provides sufficiently stable 
thermal conditions for modeling drying kinetics.

	 Moisture content was determined according to ISO 
Standard 11520-2 (International Standards Organization 
[ISO], 2001). Random samples of 10-15 g were collected, 
and each drying experiment was conducted in triplicate. 
The average moisture content was recorded for each 
sample and used in subsequent data analysis. The wet 
basis moisture content ( 𝑀𝑀𝑀𝑀�� =
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where Wi is the initial mass of the sample and Wd is the 
oven-dry mass of the sample.

Mathematical modeling 

Estimation of effective moisture diffusivity

Liquid and vapor diffusion predominantly govern the 
falling-rate drying stage in agricultural produce. This 
moisture transport is modeled using Fick’s second law 
of diffusion (Equation 2), where the effective diffusivity 
quantifies the rate of moisture movement (Hui et al., 
2008).
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	 Doymaz (2012) noted that the effective moisture 
diffusion coefficient (
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) reflects a material’s drying 
capacity under various conditions. Equation 3 presents 
a simplified form of Fick’s second law of diffusion, 
assuming an initially uniform moisture distribution and 
an infinite slab geometry.
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slab thickness (m) (ASABE, 2022). 

Equation 4 has been applied to coffee cherries, considering 
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	 ...(4)

where rs is the sphere radius (m) (Hui et al., 2008). 
The assumptions for applying Equation 4 for coffee 
cherries were as follows: the diffusion coefficient is not 
dependent on the moisture content of a product at a given 
temperature, during the drying process the coffee cherries 
are isothermal, there is a uniform initial moisture content 
distribution in the initial stage of the coffee cherries, the 
coffee cherries surface moisture content rapidly reaches 
equilibrium with the surrounding air properties, and the 
coffee cherry size and geometry is not changing during 
the drying. Furthermore, there is no mass reduction or 
gain inside the coffee cherry (adapted from: Kahveci & 
Cihan, 2008).

Thin-layer drying models Applications 

Semi-theoretical models

Models derived from Newton’s law of cooling
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Red chili (Hossain et al., 2007), Soyabeans (Coradi et 
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Page (1949)

Mint leaves (Ramirez-Gutierrez et al., 2021), 
White mushrooms (Szadzińska & Mierzwa, 2021), 
Pomegranate (Adetoro et al., 2020)
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White et al. (1980)	

Pumpkin (Semai et al., 2021), Red kidney beans (Jian 
& Jayas, 2018)

Table 1:	 Thin-layer drying models and their applications
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Thin-layer drying models

The drying kinetics of most agricultural products 
predominantly occur during the falling-rate period and 
are typically predicted using theoretical, semi-theoretical, 
and empirical models. Table 1 lists ten widely used thin-
layer drying models for determining the moisture ratio in 
various agricultural materials.

Activation energy

Arrhenius’ equation describes the effect of drying 
temperature on the effective moisture diffusion coefficient 
(Equation 5) (Kashaninejad et al., 2007; Perea-Flores et 
al., 2012).
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MR = 1 + bt + at� 

 

𝐷𝐷��� = 𝐷𝐷� 𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝐸𝐸�

𝑅𝑅𝑅𝑅
� 

 

𝑅𝑅� = 1 −
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆
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���

�

�
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∆𝐸𝐸 = �(𝐿𝐿�
∗ − 𝐿𝐿�

∗ )� +  (𝑎𝑎�
∗ − 𝑎𝑎�

∗)� +  (𝑏𝑏�
∗ − 𝑏𝑏�

∗)� 

 

ℎ∗ = 𝑡𝑡𝑡𝑡𝑡𝑡�� 𝑏𝑏∗

𝑎𝑎∗  (°) 

 

𝐶𝐶��
∗ = �𝑎𝑎∗� + 𝑏𝑏∗� 

 

𝑆𝑆�� =
𝐶𝐶��

∗

�𝐶𝐶��
∗� + 𝐿𝐿∗�

 × 100 (%) 

 

	 ...(5)

a*

Thin-layer drying models Applications 

Models derived from Fick’s second law of diffusion

Henderson and Pabis model

𝑀𝑀𝑀𝑀�� =
𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡������� −  𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�����

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�������
× 100 

 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= ∇� × 𝐷𝐷��� × 𝑀𝑀𝑀𝑀 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
=

8
𝜋𝜋� �

1
(2𝑛𝑛 + 1)� × 𝑒𝑒𝑒𝑒𝑒𝑒 �−(2𝑛𝑛 + 1)�   

𝜋𝜋�𝐷𝐷��� 𝑡𝑡
𝐿𝐿� �

�

���

 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
=

6
𝜋𝜋� �

1
𝑛𝑛�  𝑒𝑒𝑒𝑒𝑒𝑒 �−𝑛𝑛�   

𝜋𝜋�𝐷𝐷��� 𝑡𝑡
𝑟𝑟�

� �
�

���

 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t�) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp [(−k�t)�] 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 × exp(−k�t) + C 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

     

Henderson & Pabis, 1961

Paddy (Golpour et al., 2021), Dill leaves (Dikmen et 
al., 2019)

Logarithmic model

 

𝑀𝑀𝑀𝑀�� =
𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡������� −  𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�����

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�������
× 100 
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𝜕𝜕𝜕𝜕

= ∇� × 𝐷𝐷��� × 𝑀𝑀𝑀𝑀 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
=

8
𝜋𝜋� �

1
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MR =
MC(t) −  MC(eq)

MC� − MC(eq)
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MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t�) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp [(−k�t)�] 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 × exp(−k�t) + C 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

   	

Chandra & Singh, 1995   

Sweet basil (Dikmen et al., 2019), Yam (Kamal et al., 
2020)

Two-term model

 

𝑀𝑀𝑀𝑀�� =
𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡������� −  𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�����

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�������
× 100 

 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= ∇� × 𝐷𝐷��� × 𝑀𝑀𝑀𝑀 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
=

8
𝜋𝜋� �

1
(2𝑛𝑛 + 1)� × 𝑒𝑒𝑒𝑒𝑒𝑒 �−(2𝑛𝑛 + 1)�   
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𝐿𝐿� �
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MR =
MC(t) −  MC(eq)

MC� − MC(eq)
=
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𝑛𝑛�  𝑒𝑒𝑒𝑒𝑒𝑒 �−𝑛𝑛�   

𝜋𝜋�𝐷𝐷��� 𝑡𝑡
𝑟𝑟�

� �
�

���

 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t�) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp [(−k�t)�] 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 × exp(−k�t) + C 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

Henderson, 1974	

Rough rice (Foroughi-Dahr et al., 2015), Parsley 
(Dikmen et al., 2019)

Exponential two-term model

𝑀𝑀𝑀𝑀�� =
𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡������� −  𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�����

𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊ℎ𝑡𝑡�������
× 100 

 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= ∇� × 𝐷𝐷��� × 𝑀𝑀𝑀𝑀 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
=

8
𝜋𝜋� �

1
(2𝑛𝑛 + 1)� × 𝑒𝑒𝑒𝑒𝑒𝑒 �−(2𝑛𝑛 + 1)�   

𝜋𝜋�𝐷𝐷��� 𝑡𝑡
𝐿𝐿� �
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���

 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
=

6
𝜋𝜋� �

1
𝑛𝑛�  𝑒𝑒𝑒𝑒𝑒𝑒 �−𝑛𝑛�   

𝜋𝜋�𝐷𝐷��� 𝑡𝑡
𝑟𝑟�

� �
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���

 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp (−k�t�) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= exp [(−k�t)�] 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp (−k�t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 × exp(−k�t) + C 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

Sharaf-Eldeen et al., 1980

Starfruit slices (Dash et al., 2013), Radish (Lee & Kim, 
2009)

Approximation of diffusion

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

 

MR = 1 + bt + at� 

 

𝐷𝐷��� = 𝐷𝐷� 𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝐸𝐸�
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𝑅𝑅� = 1 −
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𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆
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 × 100 (%) 

 

Kaseem, 1998

Apricot (Zhang et al., 2016), Yam slices (Sobukola et 
al., 2008)

Midilli model

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

 

MR = 1 + bt + at� 
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Midilli et al., 2002	

Pomegranate (Adetoro et al., 2020), Mango (Mugodo 
& Workneh, 2021)

Empirical models

Wang and Singh model

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

 

MR = 1 + bt + at� 
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 × 100 (%) 

 

	

Chen & Wu, 2001	

Banana (Kadam & Dhingra, 2011; Omolola et al., 
2014;), Nata de coco (Fan et al., 2011)

MR: moisture ratio, MC(t): moisture content at time t (dry basis), MC: initial moisture content (dry basis), MC(eq): equilibrium 
moisture content (dry basis), a, b, C, n: model constants, k0, k1: drying rate constants, t: time
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where D0 is the diffusivity constant at infinite temperature, 
Ea is the activation energy (kJ mol-1), R is the universal 
gas constant (8.314 J mol-1 K-1), and T is the drying 
temperature in K.

Model parameter estimation and data analysis

Model fitting was conducted using a non-linear 
optimization method in Excel Solver, utilizing the 
generalized reduced gradient (GRG) non-linear 
algorithm. This method was employed to estimate the 
model parameters by minimizing the sum of squared 
errors between the experimental and predicted moisture 
ratio (MR) values. The obtained model parameters were 
specific to each drying condition, and different models 
were compared to select the best-fit equation that 
accurately describes the drying kinetics.

	 To evaluate the quality and validity of the fitted 
models, the coefficient of determination (R²) and root 
mean square error (RMSE) were calculated. The R² 
quantifies the model’s ability to predict future outcomes 
by assessing the agreement between measured and 
predicted values (Hossain et al., 2007). R² values range 
from 0 to 1, with values closer to 1 indicating a stronger 
correlation between experimental data and model 
predictions (Neter et al., 1990). The R² is indicated by 
Equation 6.
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The differences between the model-predicted value and 
the observed value are measured by RMSE (Equation 7). 
Therefore, RMSE is a good measure of accuracy, providing 
a single measure of predictive power that incorporates 
the residuals. However, RMSE should approach zero 
(Changrue et al., 2008), indicating that the results are 
less deviated from the mathematical model.  
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Colour difference (∆E)

The colour values of the initial sample and final sample 
were measured to analyze the colour values (CIE - 
Commission Internationale de l’Eclairage L*, a*, and 
b* values). The subscript ‘1’ refers to the initial colour 
parameters of each sample at the beginning of the drying 
experiment. Subscript ‘2’ refers to the colour at the 
time of measurement. Lightness-darkness (L*), redness-
greenness (a*), and yellowness-blueness (b*) are the 
corresponding colour coordinates. 

Every colour measurement was performed in triplicate, 
and the average value was reported. The total colour 
difference (∆E) was then determined using Equation 8, 
and the scale of ∆E is shown in Table 2 (Klement et al., 
2021). 
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where subscript 1 and 2 refer to initial and final values.

Hue angle (h*)

Hue angle is one of the primary properties of a colour, 
as defined technically in the CIECAM02 model, and it 
is determined by Equation 9 (Suchta et al., 2020). Hue 
angle, ranging from 0 to 360 degrees in the redness-
greenness (a*) and yellowness-blueness (b*) planes, is 
based on the concept of equal perceived difference. 
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Colour saturation (
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The intensity of colour was measured by colour saturation 
(Schanda, 2007). Equation 10 was used to determine 
colour saturation.
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Saturation (

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR =
MC(t) −  MC(eq)

MC� − MC(eq)
= 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

 

MR = 1 + bt + at� 

 

𝐷𝐷��� = 𝐷𝐷� 𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝐸𝐸�

𝑅𝑅𝑅𝑅
� 

 

𝑅𝑅� = 1 −
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆
 

 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �
1
𝑁𝑁

��𝑀𝑀𝑀𝑀���,� −  𝑀𝑀𝑀𝑀���,���
�

���

�

�
�

  

 

∆𝐸𝐸 = �(𝐿𝐿�
∗ − 𝐿𝐿�

∗ )� +  (𝑎𝑎�
∗ − 𝑎𝑎�

∗)� +  (𝑏𝑏�
∗ − 𝑏𝑏�

∗)� 

 

ℎ∗ = 𝑡𝑡𝑡𝑡𝑡𝑡�� 𝑏𝑏∗

𝑎𝑎∗  (°) 

 

𝐶𝐶��
∗ = �𝑎𝑎∗� + 𝑏𝑏∗� 

 

𝑆𝑆�� =
𝐶𝐶��

∗

�𝐶𝐶��
∗� + 𝐿𝐿∗�

 × 100 (%) 

 

) 

The saturation (Schanda, 2007) of a colour is determined 
by a combination of light intensities, calculated using 
Equation 11. The most saturated colour is achieved by 
using a single wavelength at high intensity, such as laser 
light.
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∗ − 𝑏𝑏�

∗)� 

 

ℎ∗ = 𝑡𝑡𝑡𝑡𝑡𝑡�� 𝑏𝑏∗

𝑎𝑎∗  (°) 

 

𝐶𝐶��
∗ = �𝑎𝑎∗� + 𝑏𝑏∗� 

 

𝑆𝑆�� =
𝐶𝐶��

∗

�𝐶𝐶��
∗� + 𝐿𝐿∗�

 × 100 (%) 

 

	 ...(11)

Colour change Description

 ∆E < 0.2 No visible difference 

2 > ∆E > 0.2 Small difference

3 > ∆E > 2
Colour difference visible with high quality 
screen

6 > ∆E > 3
Colour difference visible with medium quality 
screen

12 > ∆E > 6 High colour difference

∆E > 12 Different colours

Table 2:	 Colour scale
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RESULTS AND DISCUSSION

Coffee cherries, initially containing approximately 70% 
moisture (wet basis), were dried until a constant moisture 
level was achieved. Figure 1 depicts the moisture content 
trajectories at drying temperatures of 40 °C, 60 °C, 80 °C, 
and 100 °C. The data demonstrate that moisture content 
declines continuously over time, with higher drying air 
temperatures markedly accelerating moisture removal 
and reducing total drying time. The drying curves did 

not exhibit a pre-heating phase or a constant rate period; 
the entire process occurred within the falling rate period. 
This observation indicates that moisture removal from 
the coffee cherries was predominantly governed by 
diffusion. These drying characteristics are consistent 
with those observed in other agricultural products, as 
reported for chili (Mihindukulasuriya & Jayasuriya, 
2013; Fernando et al., 2022), bay laurel leaves (Doymaz, 
2014b), pomegranate (Adetoro et al., 2020), apricot 
(Zhang et al., 2016), and saffron petals (Sharayei et al., 
2018).
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Figure 1:	 Moisture content variation of coffee cherries at different temperatures

The relationship between moisture content and drying 
time was evaluated by fitting the experimental data to 
various thin-layer drying models, as in Table 3. Further, 
Table 3 contains the constants for each model, along 
with the corresponding statistical analyses. All models 

exhibited high coefficients of determination (R² ranging 
from 0.9109 to 0.9998), confirming their suitability 
for characterizing the hot air drying behavior of coffee 
cherries. 

Model
Model constants and 

coefficients
Drying Temperature

40oC 60oC 80oC 100oC

Newton (Lewis) 

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

k 0.0361 0.1083 0.1622 0.4489

R2 0.9924 0.9955 0.9859 0.9960

RMSE % 0.1410 0.1461 2.4305 0.1099

Page 

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

k 0.0270 0.0885 0.0620 0.3657

n 1.0862 1.0816 1.4848 1.2032

R2 0.9930 0.9957 0.9993 0.9995

RMSE % 0.0877 0.5036 0.1753 0.0056

Table 3:	 Model parameter values for the selected thin-layer drying models
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Model
Model constants and 

coefficients
Drying Temperature

40oC 60oC 80oC 100oC

Modified Page  

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

k 0.0425 0.0736 0.0901 0.1498

n 0.8500 1.4716 1.8011 2.9965

R2 0.9922 0.9955 0.9859 0.9960

RMSE % 0.1310 0.0888 2.4041 0.1639

Henderson and Pabis

MR = a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR = 𝑎𝑎 exp (−k�t) 

k 0.0370 0.1100 0.1790 0.4608

a 1.0224 1.0167 1.1183 1.0302

R2 0.9915 0.9949 0.9829 0.9958

RMSE % 0.0863 0.2246 1.6413 0.1266

Logarithmic

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

k 0.0291 0.0960 0.1564 0.4472

a 1.1025 1.0392 1.1483 1.0369

C -0.1115 -0.0460 -0.0517 -0.0099

R2 0.9952 0.9976 0.9862 0.9960

RMSE % 0.0891 0.2151 1.3225 0.3098

Two Term

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

k0 0.0104 0.1100 0.1790 0.4608

k1 0.0256 0.1100 0.1790 0.4608

a -0.4070 0.3229 0.9676 0.9158

b 1.3960 0.6939 0.1507 0.1144

R2 0.9951 0.9949 0.9829 0.9958

RMSE % 0.0567 0.0183 1.0641 0.5094

Exponential Two Term

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

k 0.0444 3.9621 0.1622 0.4541

a 1.5535 0.0265 0.9855 0.9090

R2 0.9934 0.9959 0.9859 0.9960

RMSE % 0.0217 0.1103 2.4027 0.1404

Approximation of diffusion

MR = a exp(−k�t) + (1 − 𝑎𝑎)exp (−k�bt) 

 

MR = 𝑎𝑎 exp (−k�t) 

k 0.0311 0.3426 0.1622 4.0247

a 1.0539 -0.1210 0.1078 -0.2110

b -0.2205 0.3411 1.0000 0.1321

R2 0.9951 0.9956 0.9859 0.9998

RMSE % 0.0247 0.3748 2.1030 0.1633

Midilli

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

k 0.0375 0.0951 0.0612 0.3675

n 1.0060 1.0253 1.4989 1.2045

a -0.0015 0.9897 1.0021 1.0032

b 0.9455 -0.0010 0.0003 0.0002

R2 0.9952 0.9973 0.9994 0.9995

RMSE % 0.0793 0.2092 0.0624 0.0868

Wang and Singh 

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

a -0.0285 -0.0729 -0.1096 -0.2205

b 0.0002 0.0013 0.0029 0.0109

R2 0.9936 0.9883 0.9831 0.9109

RMSE % 0.1070 1.2476 0.7832 4.5845

RMSE measures the average magnitude of the errors 
between the predicted and observed values. A lower 
RMSE indicates a closer fit to the data. At 40 °C and 
60 °C, the Exponential Two-term model minimizes 

RMSE, meaning it has the lowest average error at these 
temperatures, even if its R2 might not be the highest. At 
80 °C and 100 °C, the Page model provides the lowest 
RMSE values, suggesting that although it may not 
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explain the variability (R2) as well as some other models, 
it offers the most accurate predictions regarding error 
magnitude.

	 Table 3 shows that the model that explains the most 
variability (high R2) is not always the same as the one 
that minimizes error (low RMSE). This difference implies 
that the choice of model might depend on whether 
the priority is to understand the underlying process 
(explained variance) or to achieve precise predictions 
(minimal error). When choosing a model for practical 
applications, researchers might weigh whether they 
need one that best explains the data variability (using 
R2) or one that offers the most precise predictions (using 
RMSE). Table 3 suggests that the optimal choice can shift 
with operating conditions, such as temperature, and that 
sometimes, a trade-off between explained variance and 
error minimization is necessary.

	 When evaluating the entire dataset, the Midilli 
model stands out with exceptionally high R2 values at all 
temperatures: 0.9952 at 40 °C, 0.9973 at 60 °C, 0.9994 at 
80 °C, and 0.9995 at 100 °C. These figures demonstrate 
that the model accounts for nearly all the variability in 
the drying data. Additionally, it maintains impressively 
low RMSE values, 0.0793% at 40 °C, 0.2092% at 60 °C, 

0.0624% at 80 °C, and 0.0868% at 100 °C, indicating 
that its predictions closely match the observed values. 
The consistently high R2 and low RMSE across all 
conditions confirm that the Midilli model explains the 
data’s variability and makes highly accurate predictions.

	 Figure 2 presents the experimental moisture ratio 
profiles alongside the predictions from the Midilli model 
at various drying air temperatures over time. The close 
agreement between observed data and model predictions 
underscores the superior fit provided by the Midilli model 
in capturing the drying behavior of coffee cherries. This 
robust performance corroborates findings reported for 
other agricultural products, including mango (Mugodo 
& Workneh, 2021), pomegranate (Adetoro et al., 2020), 
apricot (Zhang et al., 2016), jackfruit (Saxena & Dash, 
2015), bay laurel leaves (Doymaz, 2014b), turnip slices 
(Kaveh & Amiri Chayjan, 2017), peach (Doymaz, 2014a), 
apple slices (Zarein et al., 2013), kiwifruit (Darıcı & Şen, 
2015), chili (Mihindukulasuriya & Jayasuriya, 2013), and 
pepper (Darvishi et al., 2014). These results highlight the 
model’s effectiveness as a predictive tool for thin-layer 
drying kinetics. They reinforce its potential application 
in optimizing drying processes for coffee cherries and 
other agricultural materials.  
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Figure 2:	 Experimental and predicted moisture ratios for coffee cherries applied to Midilli model

Table 4 presents the values of 

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

 of coffee cherries at 
various temperatures. The effective moisture diffusivity 

was increased by increasing the drying air temperature 
from 40 oC to 100 oC.
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Diffusivity typically follows an Arrhenius relationship, 
meaning that as the temperature increases, the exponential 
increase in molecular movement leads to a higher effective 
diffusivity. In their study on the evolution and modeling 
of moisture diffusion in walnuts during combined hot air 
and microwave-vacuum drying, Man et al. (2024) found 
that the effective diffusivity (

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

) increases with higher 
hot air temperatures. This increase is primarily due to the 
elevated temperature enhancing the kinetic energy of 
water molecules, thereby accelerating moisture diffusion 
(Lu et al., 2020). Similarly, An et al. (2024) observed 
that when hot air temperature ranged from 30 to 45 °C, 
diffusivity varied between 2.190 × 10⁻⁹ and 3.022 × 10⁻⁹ 

Temperature (oC) Effective diffusivity (

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

) (m2s-1)

40 1.154×10-7

60 3.276×10-7

80 5.257×10-7

100 8.939×10-7

Table 4:	 Effective diffusivity for coffee cherries at various 
temperatures

m²s-1 during the microwave hot air combined drying 
of peanut pods. Their findings indicate that a gradual 
increase in microwave power significantly impacts the 
moisture diffusion coefficient as the rising temperature 
augments the thermal energy within the water molecules 
of peanut pods, enhancing their mobility. Consequently, 
this increased energy transfer facilitates water molecules 
in overcoming their bonds, leading to more active 
moisture diffusion (Mohammadi et al., 2019).
 
Equation 5 was rearranged as in Equation 12 to determine 
the activation energy.

ln�𝐷𝐷���� = ln (𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅𝑅𝑅
 	 ...(12)

	 Values of 

MR = exp (−k�t) 

 

MR = exp (−k�t�) 

MR = exp [(−k�t)�] 

 

MR = 𝑎𝑎 exp(−k�t) + C 

 

MR = 𝑎𝑎 exp(−k�t) + 𝑏𝑏 exp (−k� t) 

 

MR = a exp(−k�t) + (1 − 𝑎𝑎) exp (−k�at) 

 

MR = 𝑎𝑎 exp(−k�𝑡𝑡�) + bt 

MR = 1 + bt + at� 

 

ln�𝐷𝐷���� = ln(𝐷𝐷�) −
𝐸𝐸�

𝑅𝑅(𝑇𝑇 + 273.15)
 

 

𝐷𝐷��� 

∆𝐸𝐸 

 were calculated using Equation 8 for 
the coffee cherry drying experiments, plotted in Figure 3. 
The plot demonstrates a straight line in the experimental 
drying air temperature range. The activation energy was 
calculated to be 32.358 kJ mol-1 from the slope of the 
straight line, as predicted by the Arrhenius equation. 

Table 5 compares the activation energy 

(Ea) of coffee cherries with that of other agricultural 
products. The observed variations in Ea among different 
products are attributed to inherent structural differences, 
particularly in the strength of water binding. Materials 

with strongly bound water require higher activation 
energy for moisture removal, indicating higher resistance 
to drying (Bezerra et al., 2015).

Figure 3:	 Logarithmic value of effective moisture diffusivity of coffee cherry as a function of 
the reciprocal of absolute drying air temperature

 1

1. Replacement for Figure 3  
2.  
3.  

4.  
5.  

Figure 3: Logarithmic value of effective moisture diffusivity of coffee cherry as a 
function of the reciprocal of absolute drying air temperature 
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Product
Activation energy         

(kJ mol-1)
Reference

Soybean 13.88 Niamnuy et al., 2012

Sweet sorghum stalk 24.10 Shen et al., 2011

Presoaked soybean 31.40 Irigoyen & Giner, 2014

Coffee cherries 32.36 Current research

Castor oil seeds 41.41 Perea-Flores et al., 2012

Passion fruit peel 29.57–34.73 Bezerra et al., 2015

Table 5:	 Activation energy for different products
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Figure 4:	 Lightness (L*) values change during coffee drying at different temperatures 

Temperature (°C) Colour coordinates Before drying After drying Colour change (∆E)

40 L* 53.69 ± 1.6 27.94 ± 1.2 26.2

a* -15.9 ± 0.3 5.48 ± 1.8 -19.7

b*   29.3 ± 2.4 5.73 ± 0.8 24.1

60 L* 47.99 ± 2.0 27.27 ± 0.5 17.8

a* -13.6 ± 5.2 5.49 ± 0.5 -18.9

b*   25.5 ± 1.1 5.79 ± 0.4 23.3

80 L* 46.12 ± 2.5 27.4 ± 1.2 16.9

a*   1.07 ± 5.4 9.31 ± 1.6 -5.7

b* 23.99 ± 3.8 8.91 ± 1.4 16.6

100 L* 49.41 ± 2.7 29.99 ± 0.5 17.3

a* -10.6 ± 4.6 6.94 ± 0.5 -16.7

  b* 22.66 ± 3.0 11.91 ± 0.2 14.2

Table 6:	 Colour changes (∆E) during coffee drying
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The L* value (lightness) drops at all drying temperatures. 
Drying removes water from the cherries, concentrating 
the natural pigments and increasing light absorption, 
which results in a darker appearance. Fresh coffee 

cherries exhibit negative a* values, indicating a greenish 
colour. After drying, these values become positive, 
marking a shift toward red. The b* value, which indicates 
yellowness, decreases markedly after drying.

Temperature 
(°C)

Hue angle Colour saturation Saturation

Before drying After drying Before drying After drying Before drying After drying

40 -1.07 0.81 33.34 7.93 52.75 0.27

60 -1.08 0.81 28.90 7.98 51.59 0.28

80 1.53 0.76 24.01 12.89 46.18 0.43

100 -1.13 1.04 25.02 13.78 45.17 0.42

Table 7:	 Colour properties of coffee during hot air drying

Although the hue angle values are relatively small, the 
consistent shift from near-zero or slightly negative to 
positive values reinforces the observed change in a* (from 
greenish to reddish). This shift indicates a subtle change 
in the overall tone of the cherries, consistent with pigment 
degradation and the formation of oxidation products. Both 
colour saturation and the measured saturation values drop 
steeply after drying. These reductions suggest that drying 
significantly diminishes the vividness and intensity of the 
cherries’ colour, resulting in a more muted, less vibrant 
appearance. 

	 The observed colour change is primarily due to 
the Maillard reaction and caramelization initiated 
by heat (Lee et al., 2022). Extended exposure to high 
temperatures further degrades the colour, resulting in a 
more pronounced darkening of the material. The primary 
factors contributing to this deterioration include Maillard 
reactions, oxidation, and changes in the surface structure 
(Ray et al., 2022).

CONCLUSION

The drying time for coffee cherries was reduced while 
the drying air temperature was increased from 40 °C 
to 100 °C. Therefore, the coffee cherry drying process 
primarily occurs during the falling rate period of the 
typical drying curve. The Midilli model provided the most 
accurate description of the drying kinetics, achieving the 
highest R2 and the lowest RMSE values. The effective 
diffusivity values ranged from 1.154×10-7 to 8.939×10-7 
m2s-1 for the temperature range 40 °C to 100 °C for coffee 
cherries. This indicates an increase in effective moisture 
diffusivity at higher temperatures of the drying air. The 
activation energy of moisture diffusion was 32.36 kJ mol-1. 

Drying leads to significant darkening of coffee cherries 
due to moisture loss, changes in pigment concentration, 
and non-enzymatic browning. These results provide data 
for controlling the drying conditions of coffee cherries.
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a.  Style
The paper should be written clearly and concisely. The style of writing should conform to scholarly writing. Slang, jargon, unauthorized abbreviations, 
abbreviated phrasings should not be used. In general, the impersonal form should be used. Poor usage of language will result in rejection of the 
manuscript during initial screening.

b.  Layout
Manuscripts other than review articles should be generally organized as follows: Title, Abstract, Keywords, Introduction, Methodology, Results and 
Discussion, Conclusions and Recommendations (where relevant), Acknowledgements and References. Pages should be arranged in the following 
order:

First page  should include the title of the manuscript and  complete names and affiliations of all authors.  Author information should not be 
mentioned in other places of the manuscript. Any statement (including acknowledgment) which can reveal author identity should be removed. 
If a major part of the research has been published as an abstract in conference proceedings, it should be mentioned with citation in the space provided 
for “Comments for Editor”.  Authors must also indicate the g eneral and  specific research area o f the manuscript in the title page. 

Title: S hould accurately and concisely reflect the contents of the article.

Running title: S hould be a shortened title (limited to a maximum of 50 characters) that could be printed at the top of every other page of the Journal 
article.

Abstract:  Should be between 200 - 250 for research articles and 200 - 300 for reviews. It should not contain any references and should be able to 
stand on its own. It should outline objectives and methodology together with important results and conclusions. 

Keywords:  Include a maximum of six keywords, which may include the names of organisms (common or scientific), methods or other important 

words or phrases specific to the study.

Introduction:  This should state the reasons for performing the work with a brief review of related research studies in the context of the work 
described in the paper. Objectives of the study should be clearly stated.

Materials and Methods:  This section should give the details of how you conducted your study. New methods may be described in detail with an 
indication of their limitations. Established methods can be mentioned with appropriate references. Sufficient details should be included to allow 
direct repetition of the work by others. Where human subjects are involved, they should be referred to by numbers or fictitious names. A paper 
reporting the results of investigations on human subjects or on animals must include a statement to the effect that the relevant national or other 
administrative and ethical guidelines have been adhered to, and a copy of the ethical clearance certificate should be submitted. Methods of statistical 
analyses used should be mentioned where relevant.

Results and Discussion
Results: the results should be concisely and logically presented. Repetition of the same results in figures, tables or text should be avoided.
Discussion: data essential for the conclusions emerging from the study should be discussed. Long, rambling discussions should be avoided. 
The discussion should deal with the interpretation of results. It should logically relate new findings to earlier ones. Unqualified statements and 
conclusions not completely supported by data should be avoided.
Molecular sequence data, such as gene or rDNAsequences, genome sequences, metagenomic sequences etc. must be deposited in a public molecular 
sequence repository, such as GenBank, that is part of the International Nucleotide Sequence Database Collaboration (INSDC). The accession 
numbers obtained must be cited in the text, Table or on Figures of phylogenetic trees of the manuscript.

Conclusion:  The conclusion should be brief, highlight the outcomes of the study and should be aligned with the objectives of the study. It should 
not contain references.
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References : 
The JNSF uses APA ( 7th Edition) reference style
All research work of other authors, when used or referred to or cited, should be correctly acknowledged in the text and in the References.
All the references in the text should be in the list and vice versa

Citing references in the text:

parenthesis (i.e. Able, 1997) or (Able & Thompson, 1998).
•	 Citation to work by more than two authors should be abbreviated with the use of et al. (i.e. Able et al., 1997).
•	 Multiple publications by the same first author in the same year should be coded by letters, (i.e. Thompson, 1991a, 1991b,1992,1993).
•	 Multiple citations of different authors should be made in chronological order and separated by a semicolon, (i.e. Zimmerman et al., 1986; 

Able et al., 1997).

Citing references in the List of references:
•	 The list of References should be arranged in alphabetical order based on the last name of the first author.
•	 In APA 7th ed., up to 20 authors should be included in a reference list entry. Write out the last name and first initial(s) for each contributor.

Example for 2–20 authors:
	

 Wright, A., Komal, G., Siddharth, D., Boyd, G., Cayson, N., Beverley, K., Travers, K., Begum, A., Redmond, M., Mills, M., Cherry, D., 
Finley, B., Fox, M., Ferry, F., Almond, B., Howell, E., Gould, T., Berger, B., Bostock, T., & Fountain, A. (2020). Styling royalty. London 
Bridge Press.



•	 For references with more than 20 authors, after listing the 19th author replace any additional author names with an ellipsis ( … ) followed by 
the final listed author’s last name and first initial(s).

Example for 21+ authors:

Kalnay, E., Kanamitsu, M., Kistler, R., Collins, W., Deaven, D., Gandin, L., Iredell, M., Saha, S., White, G., Woolen, J., Zhu, Y., Chelliah, 
M., Ebisuzaki, W., Higgins, W., Janowiak, J., Mo, K.C., Ropelewski, C., Wang, J., Leetmaa, A., … Joseph, D. (1996). The NCEP/NCAR 
40-year reanalysis project. Bulletin of the American Meteorological Society, 77(3), 437-471. http://doi.org/fg6rf9

•	 All the initials of the author must be given after the last name and the year of publication should follow in parentheses.
•	 This should be followed by the full title of the referred publication.
•	 When journal articles are listed, the journal name should be given in full and in italics and followed by the volume number, issue number in 

parentheses and then the inclusive pages.
•	 Where there are several publications by the same author(s) and published in the same year they should be differentiated by adding a lower-

case letter after the year. 

Example

Clarke, P. N., & Fawcett, J. (2014a). Life as a mentor. Nursing Science Quarterly, 27(3), 213-215. https://doi.org/10.1177/0894318414534
492
Clarke, P. N., & Fawcett, J. (2014b). Life as a nurse researcher. Nursing Science Quarterly, 27(1), 37-41. https://doi.org/10.1177/08943
18413509708

•	 Digital object identifiers (DOIs) should be included for all references where available.

Details about this reference style can be obtained from below links
https://apastyle.apa.org/style-grammar-guidelines/references
https://apastyle.apa.org/style-grammar-guidelines/references/examples
https://libguides.jcu.edu.au/apa

Abbreviations and Symbols: Unless common, these should be defined when first used, and not included in the abstract. The SI System of units 
should be used wherever possible. lf measurements were made in units other than SI, the data should be reported in the same units followed by SI 
units in brackets, e.g. 5290 ft (1610 m).

Formulae and Equations: Equations should be typewritten and quadruple spaced. They should be started on the left margin and the number placed 
in parentheses to the right of the equation.

Nomenclature: Scientific names of plants and animals should be printed in italics. In the first citation, genus, species and authority must be given.
e.g. Borassus flabellifer Linn. In latter citations, the generic name may be abbreviated, for example, B. flabellifer L.

Tables and figures: Tables and Figures should be clear and intelligible and kept to a minimum, and should not repeat data available elsewhere in 
the paper. Any reproduction of illustrations, tabulations, pictures etc. in the manuscript should be acknowledged.

Tables: Tables should be numbered consecutively with Arabic numerals and placed at the appropriate position in the manuscript. If a Table must be 
continued, a second sheet should be used and all the headings repeated. The number of columns or rows in each Table should be minimized. Each 
Table should have a title, which makes its general meaning clear, without reference to the text. All Table columns should have explanatory headings. 
Units of measurement, if any, should be indicated in parentheses in the heading of each column. Vertical lines should not be used and horizontal 
lines should be used only in the heading and at the bottom of the table. Footnotes to Tables should be placed directly below the Table and should be 
indicated by superscript lower case italic letters (a, b, c, etc.).

Figures: All illustrations are considered as figures, and each graph, drawing or photograph should be numbered consecutively with Arabic numerals 
and placed at the appropriate position in the manuscript. Any lettering to appear on the illustrations should be of a suitable size for reproduction and 
uniform lettering should be used in all the Figures of the manuscript. Scanned figures or photographs should be of high quality (300 dpi), to fit the 
proportions of the printed page (12 × 17 cm). Each figure should carry a legend so that the general meaning of the figure can be understood without 
reference to the text. Where magnifications are used, they should be stated.

Units of measurement

Length: km, m, mm, μm, nm Time: year(s), month(s), week(s), Molecular weight: mol wt
Area: ha, km2, m2 day(s), hour(s), minute(s), second(s) Others: Radio-isotopes: 32P
Capacity: kL, L, mL, μL Concentration: M, mM, N, %, Radiation dose: Bq
Volume: km3, m3, cm3 g/L, mg/L, ppm Oxidation-reduction potential: rH
Mass: t, kg, g, mg, μg Temperature: °C, K Hydrogen ion concentration: pH

Gravity: x g
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